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NS Equations
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∂ ρφ( )
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Highly non-linear

variables: u,v, PIncompressible flow: density is constant

Momentum used for u and v

Pressure equation to be derived 



Discretization

� 
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Algebraic Relation
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A Pressure Equation
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∑ = 0 ?



The Staggered grid
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˙ m f
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The Continuity 
Constraint
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v f
∗ +H f [v

∗] = −D f
∗ ∇p(n )( ) f + B f
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v f +H f [v] = −D f ∇p( ) f + B f

� 

˙ m f
f
∑ = 0

� 

′ v f + H f [ ′ v ] = −D f∇ ′ p ( ) f
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The SIMPLE Algorithm
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−ρ f
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The Pressure-
Correction Equation
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∑
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(n )D f

assemble and solve momentum 
equation for v*

assemble and solve Pressure 
Correction equation for P'

repeat until convergence
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Rhie-Chow interpolation
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Collocated Grid
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The Rhie-Chow 
Interpolation
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˙ m f = ρ f v f ⋅S f = ρ f v f ⋅S f − ρ fD f ∇pf −∇pf( ) ⋅S f
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v f = v f −D f ∇pf −∇pf( )
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′ v f = ′ v f −D f ∇ ′ P f −∇ ′ p f( ) = −D f∇ ′ p f + ′ v f + D f ∇ ′ p f = −D f∇ ′ p −H f [ ′ v ]



The Pressure 
Correction Equation
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′ v f = −D f∇ ′ p ( ) f
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−ρ f D∇ ′ p ( ) f
⋅S f

⎛ 
⎝ 
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⎠ 
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f = nb(P )
∑ = − ˙ m f

∗

f = nb(P )
∑
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˙ ′ m f = ρ f ′ v f ⋅S f = −ρ f D∇ ′ p ( ) f
⋅S f
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˙ m f
∗ = ρ f v f

∗ ⋅S f = ρ f v f
∗ ⋅S f − ρ fD f ∇pf

(n ) −∇pf
(n )( ) ⋅S f
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∑ = 0



The Pressure-
Correction Equation
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aP ′ p P + aF ′ p F
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∗
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(n ) D f∇ ′ p f( ) ⋅Tf
f = nb(P )
∑

  

� 

aP = ρ f
(n )D f

f = nb(P )
∑
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aF = −ρ f
(n )D f

assemble and solve momentum 
equation for v*

assemble and solve Pressure 
Correction equation for P'

repeat until convergence
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∗ = ρ f v f

∗ = ρ f v f
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(n )D f ∇pf
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Compressible Flow

� 

∂ρ
∂t

+ ∇ ⋅ ρv( ) = 0

� 

∂ ρv( )
∂t

+ ∇ ⋅ ρvv( ) = ∇ ⋅ τ −∇p+ B

ρ = Cρ p

ρ P∗ + ′P( ) = ρ P( ) +
∂ρ
∂P

′p ⇒ ′ρ =
∂ρ
∂P

⎛
⎝⎜

⎞
⎠⎟ ′p = Cρ ′p

p = p(n) + ′p

ρ = ρ(n) + ′ρ

v = v* + ′v



Discretized Equations

 
mf = ρ f

(n) + ′ρ f( ) v f
∗ + ′v f( ) ⋅S f

 

= ρ f
(n)v f

∗ ⋅S f

mf
∗

  
+ ρ f

(n) ′v f ⋅S f + ′ρ fv f
∗ ⋅S f + ′ρ f ′v f ⋅S f

′mf

  

 

mf = ρ f v f
∗ + ′v f( ) ⋅S f = ρ fv f

∗ ⋅S f

mf
∗

 
+ ρ f ′v f ⋅S f

′mf

 

� 

∂ρ
∂t

+ ∇ ⋅ ρv( ) = 0

 

ρP + ′ρP − ρP
(n)( )

Δt
VP + mf

∗ + ′mf( )
f =nb(P )
∑ = 0

Compressible

� 

˙ m f
∗ + ˙ ′ m f( )

f = nb(P )
∑ = 0

Incompressible



Velocity Correction

 

 ′mf = ρ f
(n) ′v f ⋅S f − ρ f

(n)D f ∇ ′pf − ∇ ′pf( ) ⋅S f

(1)
  

+
mf
∗

ρ f
(n) ⋅S f

⎛

⎝⎜
⎞

⎠⎟
Cρ, f ′pf

(2)
  

 

= ρ f
(n)v f

∗ ⋅S f

mf
∗

  
+ ρ f

(n) ′v f ⋅S f + ′ρ fv f
∗ ⋅S f + ′ρ f ′v f ⋅S f

′mf

  

 
mf
∗ = ρ f

(n)v f
∗ ⋅S f − ρ f

(n)D f ∇pf
(n) − ∇pf

(n)( ) ⋅S f



Pressure Equation

 

VP
Δt
Cρ ′PP + −ρ f

(n)D f∇ ′pf ⋅S f +
mf
∗

ρ f
(n)

⎛

⎝⎜
⎞

⎠⎟
Cρ ′pf

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪
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−
ρP
(n) − ρP

o

Δt
VP + mf

∗

f =nb(P )
∑

⎛

⎝⎜
⎞

⎠⎟
− ρ f

(n) ′v f + D f∇ ′pf( ) ⋅S f
f =nb(P )
∑ − ′ρ f ′v f ⋅S f

f =nb(P )
∑

′ρ f ′v f + D f∇ ′pf( ) ⋅S f
f =nb(P )
∑ = −H f ′v[ ] ⋅S f

f =nb(P )
∑ = −0.5 ′HP + ′HN( ) ⋅S f

f =nb(P )
∑

= −0.5 aNBP
aP

′vNBP
⎛
⎝⎜

⎞
⎠⎟NBP(P )

∑ +
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aF

′vNBF
⎛
⎝⎜

⎞
⎠⎟NB(F )

∑
⎛

⎝⎜
⎞

⎠⎟
⋅S f

f =nb(P )
∑

 

ρP + ′ρP − ρP
(n)( )

Δt
VP + mf

∗ + ′mf( )
f =nb(P )
∑ = 0



  

bP = −
ρP
(n) − ρP

( )
Δt

VP + mf
∗

f =nb(P )
∑

⎛

⎝
⎜

⎞

⎠
⎟ + ρ f

(n) D f∇ ′pf( ) ⋅Tf
f =nb(P )
∑

aF = − − mf
∗ ,0

Cρ, f

ρ f
(n) − ρ f

(n)D f

aP =
VPCρ

Δt
+

Cρ, f

ρ f
(n) mf

∗ ,0
⎛
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(n)D f
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∑

Pressure Equation
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 
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⎛
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⎦
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+ −ρ f
(n)D f ∇ ′p( ) f ⋅S f

⎡⎣ ⎤⎦
f =nb(P )
∑

diffusion− like term
  

= −
ρP
(n) − ρP

( )
Δt

VP + mf
∗

f =nb(P )
∑

⎛

⎝
⎜

⎞

⎠
⎟

source− like term
  
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(n)D f ∇ ′p( ) f ⋅S f

⎡⎣ ⎤⎦ = −ρ f
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(n)D f ∇ ′p( ) f ⋅E f
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d f
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