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INFLUENCE OF WALL CONDUCTION ON MIXED
CONVECTION HEAT TRANSFER IN EXTERNALLY
FINNED PIPES

F. Moukalled and M. Darwish
Faculty of Engineering and Architecture, Mechanical Engineering Department,
American University of Beirut, Beirut, Lebanon

S. Acharya
Mechanical Engineering Department, Louisiana State University, Baton Rouge,
Louisiana 70803

The influence of wall heat conduction on laminar mixed convection in externally finned
vertical pipes are investigated numerically. Buoyancy in both aiding and opposed modes is
considered. Results are presented in terms of the streamwise variation of the fluid bulk
temperature and tube-side Nusselt number, axially averaged and periodically fully developed
Nusselt number values, and axial velpcity and (emperature profiles. For opposed flows,
buoyancy forces decrease the overall heat transferred to the fluid, while for buovancy-aided
Jlows, buoyency causes an enhancement in the overall heat transferred to the fluid.
Inclusion of longitudinal wall conduction increases the heat transfer io the fluid and
enhances the effects of buoyancy.

INTRODUCTION

The present study attempts to determine the influence of pipe wall thermal
conductivity on the hydrodynamic and thermal characteristics of mixed convection
heat transfer in longitudinally conducting, externally finned, vertical pipes. Exter-
nally finned pipes are extensively used in heat exchange applications. The equally
spaced annular or square fins on the outer surface of the pipe (Figure 1a) act as
local enhancement devices, augmenting heat transfer to or from the finned pipe by
increasing the local heat transfer surface area. Therefore, if the increase in the
pipe area over a finned section is treated as an increase in the heat transfer
coefficient, then the outer surface of the finned pipe may be assumed to be
subjected to spatially periodic boundary conditions with low heat transfer coeffi-
cient (h,) along the unfinned sections and high heat transfer coefficient (h;) along
the finned sections. A schematic of the above-described model for the variation of
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158 F. MOUKALLED ET AL.
NOMENCLATURE
Bi Biot number (= AR, /k) x, X dimensional and dimensionless
Bi, average Biot number [= (o Bi, + axial coordinate [ = x/(R; Pe)]
T Big)/(o + 7)] o parameter in Eq. (5} {= 2Pe?/
Bi,,Bi;  Biot numbers for the unfinned (R, /R - 1]
and finned regions B coefficient of thermal expansion
8 gravitational acceleration ¥ parameter in Eq. (5} {= a[Bi -
Gr Grashof number [= g 8(T, — x(aB/a'q)"-l]}
TR} /v n dimensionless radial coordinate
h heat transfer coefficient (=r/R;}
k thermal conductivity 4 dimensionless temperature
L, tube length [=(T - T, )NT, — T )
N north neighbor of the P grid point x fluid to wall thermal conductivity
Nu local Nusselt number ratio (= ko /k,)
Nu,, Nu; Nu values over the unfinned and v kinematic viscosity
finned regions el density
Nu,,Nu; Average Nu values over the T dimensionless interfin spacing
unfinned and finned regions [=s5/(R, Pe)]
Nu, average Nusselt number T dimensionless fin thickness
p pressure [=1/(R; Pe)]
P dimensionless pressure; also ¢ dependent variable
main grid point '] stream function
Pe Péclet number w dimensionless radial coordinate
Pr Prandtl number {=1y~ () ol APl -y —
e, rate of heat transfer between (W),-0]
x=0and x =x
r radial coordinate Subseripts
R; inner radius of pipe
r radial coordinate a average value
R; inner radius of pipe bx refers to bulk temperature at any
R, * outer radius of pipe x location
Re Reynolds number (= pu, R;/u) f finned section
s interfin spacing in condition at inlet
S south neighbor of the P grid point max maximum value
t fin thickness pd periodically fully developed
T dimensional temperature u unfinned section
u, U dimensional and dimensionless WX refers to wall condition at any
axial velocity (= u /u,) x location
u, average axial velocity © ambient condition

the heat transfer coefficient along the finned and unfinned sections of the pipe is
shown in Figure 1b.

Studies on forced convection heat transfer in externally finned pipes are
limited to those reported in Refs. [1-3). Sparrow and Charmchi [1] analyzed the
behavior of laminar forced convection heat transfer in externally finned pipes but
neglected the effect of axial conduction in the pipe wall. Moukalled and Acharya
[2] and Moukalled et al. [3] extended the work reported by Sparrow and Charmchi
[1] and studied the effect of conduction in the pipe wall for laminar and turbulent
flow situations, respectively. The significant influence of axial wall conduction on
the heat transfer behavior was clearly demonstrated. In a recent paper, Moukalled
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et al. [4] studied the influence of buoyancy forces on forced convection heat
transfer in vertically oriented, externally finned pipes, but they neglected axial
conduction in the pipe wall.

A number of analytical and numerical studies on conjugate forced convection
heat transfer in smooth pipes have also been reported [5-11]. These studies have
clearly established the importance of conjugate heat transfer.

Several researchers have also investigated the effects of buoyancy on forced
convection heat transfer in smooth circular tubes. Conjugate effects have also been
considered. The work reported in Refs. 12-16 neglected axial conduction in the
pipe wall and dealt with mixed convection heat transfer in circular pipes. Heggs
et al. [17] studied the effects of conduction in the pipe wall on the development of
recirculating mixed convection flows in isothermal vertical pipes. Bernier and
Baliga [18] extended the work of Heggs et al. [17] for uniformly heated pipes.

The objective of this article is to extend the work reported in Ref. [4] and to
present numerical solutions for laminar mixed convection heat transfer in exter-
nally finned, conducting vertical pipes. Both aiding and opposed mixed convection
situations are considered. Radial conduction in the pipe wall is neglected, and
therefore, results are valid for relatively thin pipes. The coupling between mixed
convection in the pipe and conduction in the pipe wall is accomplished by ensuring
continuity of the thermal conditions along the inside surface of the pipe. Since
these conditions are solution dependent, an iterative solution procedure has to be
adopted. Furthermore, due to lack of numerical and experimental data for the
problem, comparison is made with predictions obtained for an unfinned tube and
with those calculated with the spatially averaged values of the high and low
external Biot numbers.

GOVERNING EQUATIONS

The problem considered is shown schematically in Figure 1a and involves the
flow and heat transfer in a vertically oriented, longitudinally conducting, externally
finned circular pipe. The model used to describe the variation of the heat transfer
coefficient on the outer surface of the pipe is depicted in Figure 14. The flow is
assumed to be steady, laminar, and two-dimensional. The finned section is assumed
to be preceded by a long unheated pipe, so that at the inlet, Poiseuille flow can be
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assumed. Buoyancy effects in the finned pipe will accelerate the flow in the aiding
mode and decelerate the flow in the opposing mode. Density variation is modeled
by using the Boussinesq approximation. For small and moderate temperature
differences, the Boussinesq assumption has been shown to be adequate. Radiation
effects are assumed to be small.

To minimize the number of parameters, the following dimensionless variables
are introduced:

X r u 14
X=%xp ""r YT u VTume
Pt opgx T—-T, (1)

Since the Péclet number range of interest here is larger than 50, the axial diffusion
of momentum and energy in the fluid is neglected. Thus the flow is of the parabolic
or boundary layer type.

With the aforementioned assumptions and dimensionless variables, the fluid
nondimensional momentum and energy equations become

y2U P 19 ( 4U GrPr_ .
X am ax " Tpan\Tan Re
p2 L %0 19 ( o .
—_— Y— = — —_
ax dn  mdn n&n

Since Egs. (2) and (3) are parabolic in nature, hydrodynamic and thermal boundary
conditions are needed along X = 0 and along = 0 and 5 = 1. These conditions
can be expressed as

U=21-%%) 6=0 at X=0 (4a)

au a8

— =0 — =0 at n=0; U=0 6=16,(X) at =1 (4b)

an on
In Eq. (4b), 8, represents the pipe wall temperature, which is not known before-
hand, but is determined from the solution. Discussion on how the correct solution
for 6, is obtained is given in the next section.

The equation for the pipe wall temperature is derived from a quasi-one-
dimensional energy balance on a control volume along the wall of the pipe. Its final
dimensionless form may be expressed as

3%,
axX*

—aBi@, +y=0 (&)
where

2Pe? . a0 kg
= ————">— 'y=aBl—K(—] K= — ()]
(R,/R;) — 1 an ) pai Ky
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In the above equation, Bi is the Biot number, which varies periodically on the
outer surface of the pipe and is equal to Bi, along the unfinned portion,
n(c+ 1) <X <n(og + 1) + o, and Bi; along the finned portion n(os + 1) + o <
X <(n + 1o + 1), respectively.

Thermal boundary conditions are needed in order to solve the equation for
pipe wall heat conduction (Eq. (5)). Due to lack of better information, it is assumed
that poorly conducting pipes (e.g., a CPCV pipe) are connected upstream and
downstream of the externally finned pipe section. Such boundary conditions have
also been used by many other workers [2, 3, 5, 6]. Mathematically, the boundary
conditions can be written as

a6,

H=0 at X=0 X=Lp @)

Another reasonable boundary condition at X = 0 is to assume that the fluid
and pipe wall are in thermal equilibrium, i.e., 8, = 0 at X = 0. This is justified by
the fully developed velocity profile (parabolic) used at the inlet (X = 0). Computa-
tions using this boundary condition have also been obtained, but for few cases only,
and are used for comparison.

It should be pointed out that the term (38/d7n), ., appearing in Eq. (6) is the
dimensionless heat flux leaving the pipe wall from the fluid side and provides the
coupling between the fluid and the pipe wall temperatures. Since it is not known
a priori to the calculation, it has to be determined in the course of the solution.

SOLUTION PROCEDURE AND COMPUTATIONAL DETAILS

In contrast to earlier conjugate heat transfer computations reported in Refs.
[2, 3], the flow and temperature fields in the present problem are intimately
coupled by the body force term appearing in the momentum equation. Therefore,
the fluid velocity and energy equations have to be solved simultaneously. The
solution is determined using an implicit finite difference method, due to Patankar
and Spalding [19], that starts at the inlet to the finned pipe section and proceeds
step by step until the exit is reached. The finite difference equations are obtained
by integrating the differential equations over a control volume in the flow and
using profile approximations in each coordinate direction (the power law scheme is
used here [20]). Owing to the parabolic nature of the differential equations, the
algebraic equation at a typical grid point £ at a streamwise location X has a
tridiagonal form that is solved directly by the Thomas algorithm [20].

The discretized form of the one-dimensional wall conduction equation (Eq.
(5)) is obtained using the control volume approach of Patankar [20] and the central
difference scheme. Again, a system of tridiagonal equations is obtained that is
solved directly by the Thomas algorithm [20].

The overall solution procedure is iterative in nature and consists of repeat-
edly solving the momentum and energy equations for the fluid and the conduction
equation for the pipe wall. Iterations start by solving the fluid momentum and
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energy equations, from pipe inlet to pipe exit, using a guessed value for 6,(X)
needed as a boundary condition (Eq. (45)) for Eg. (3). The resulting solution allows
the calculation of the term (d6/47), ., needed in solving the pipe wall conduction
equation. After feeding this term into the wall conduction equation (Eq. (5)), this
equation is solved to obtain updated values for 6,(X). The new values of 8,(X)
are used to initiate the next iteration, and the fluid momentum and energy
equations are solved again. This procedure is continued until convergence to at
least four significant figures is reached. Typically, three to eight iterations are
needed.

Due to the periodic nature of the boundary condition on the outer surface, a
dense grid system had to be used in order to resolve the new thermal boundary
layer developing at each forward finned segment. The boundary layer calculations
were performed with 100 cross-stream grid points and 90,000 forward steps, with
step sizes ranging between 107% at X = 0 to 10~ at the exit. The cross-stream grid
points were concentrated near the wall, where larger gradients are expected to be
present. The grid point distribution was carefully tailored to provide grid-indepen-
dent results. For the solution of the pipe wall conduction equation, 9150 grid points
were used. The conduction control volume faces were chosen to be identical to
streamwise positions in the flow solution in order to eliminate the need for
interpolation in transferring information between the conduction and flow solu-
tions.

The grid independence of the results is verified by obtaining results for a
finer grid (200 cross-stream points) and comparing them with the results for the
coarser grid (100 grid points). This comparison is shown in Figure 2 , where the U
velocity profiles at X = 0.15 are plotted across the pipe. Also shown in Figure 2
are results obtained with a constant smaller forward step size of 107 in the flow
problem, and 18,300 grid points in the conduction problem. The two sets of results
shown are nearly identical, confirming the adequacy of the grid used.

Coarsa Crid

Tine Grid

2T X=0.1, Gr/Re=10

200 crosesstresm grid points

100 crodu-stresm grid paints

atap atzes 1075 o 1073

atap, stans 1077

X=0.15, Cr/Re=100

0 a,2 0.4 n 0.6 a.a 1

Figure 2. Comparison of velocity profiles at two different axial
stations and for two distinct Gr/Re values, obtained using
coarse and fine mesh systems (Bi, = 1, Bi; = 50, 7= 107*,
o =37, and k = ®),
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RESULTS AND DISCUSSION

Inspection of the dimensionless quantities reveals four geometric parameters:
the inner to outer radius ratio (R;/R,}, which is fixed at 0.9 to simulate thin pipes;
the dimensionless pipe length L, which is assigned the value of 0.3 (this value is
50% higher than the value reported in Refs. [1-3], within which the pure forced
convection flow attains a thermally fully developed state); the interfin spacing o;
and the fin thickness r. Furthermore, there are five thermal and hydrodynamic
parameters, namely, the fluid to wall thermal conductivity ratio x, the low and high
Biots numbers (Bi, and Bi;, respectively), the Prandtl number (Pr), and the ratio of
Grashof to Reynolds numbers (Gr/Re). Parameter values chosen are two sets of
low and high Biot numbers (Bi, = 1, Bi; = 50 and Bi, = 5, Bi; = 250), a dimen-
sionless fin thickness 7 = 10~*, two interfin spacing values (o = 37 and 77), four
Gr/Re values (—10, 0, 10, and 100), and three values for the fluid to wall thermal
conductivity ratio {x = % representing the limiting case of no conduction in the
pipe wall, x = 16.5 X 107* representing a pipe of low thermal conductivity, and
x = 1.65 X 10~ representing a pipe of high thermal conductivity). Water is
chosen as the working fluid, and therefore Pr is assigned the value of 3.01
(corresponding to a reference temperature of 59.5°C).

As mentioned earlier, the purpose of this study is to highlight the effects of
axial conduction in the pipe wall on mixed convection heat transfer in externally
finned pipes. Therefore, the discussion presented will concentrate on the combined
effects of pipe wall thermal conductivity and buoyancy forces on the heat transfer
and flow field.

BULK TEMPERATURES

The fluid bulk temperature, which also represents the fraction of the maxi-
mum possible heat that can be transferred to the fluid and is, therefore, a measure
of the degree of its relative thermal saturation, is defined as

Q
Qmax

=0, = 2]: Ubn dn ®)

The streamwise variation of 8, (or ¢/Q,,,,) is presented in Figures 3-6. In
Figures 3-5, results obtained with zero wall conductivity (x = <) [4] are compared
with results obtained using finite wall conductivity (x = 16.5 X 1072 and « = 1.65
X 1073), for different values of Gr/Re. From these plots, it can easily be seen
that, for all values of «, the heat transfer rate increases with increasing positive
values of Gr/Re (aided flow), and decreases for negative values of Gr/Re
(opposed flow). Furthermore, at any value of Gr/Re, the heat transferred to the
fluid increases significantly when longitudinal conduction along the pipe wall is
accounted for. This behavior was also noted in the forced convection (Gr/Re = 0)
study reported in Ref, [2],

Buoyancy effects are seen to be underestimated when the pipe wall thermal
conductivity is not accounted for. For negative values of Gr/Re, since buoyancy
opposes the forced flow, there is a decrease in heat transfer from the forced
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«=16.5x1073

0.0l x/L fPa 0.t 0.3

Figure 3. Streamwise variation of the bulk temperature 8, (or
Q/Qa,) for axially periodic Biot number values (Bi, = 1,
Bi; =50, 7= 10"%, and o = 37).

convection value, and this decrease is seen to be smaller for a lower pipe wall
conductivity. For « = =, the percent decrease in the heat transferred to the fluid
from the forced convection values is 3.17% at X = 0.01, 4.81% at X = 0.05, and
3.91% at the pipe exit. For x = 16.5 X 1073 these percentages are 3.81%, 6.09%,
and 4.02%, respectively, and for x = 1.65 X 107% the corresponding values are
slightly higher. To explain this behavior, it should be noted that when conduction
in the pipe wall is taken into consideration, the preheating of the pipe wall by
conduction increases its upstream temperature, causing greater radial temperature
differences that lead to stronger buoyancy-induced convection effects. Since for
negative Gr/Re values, buoyancy opposes forced convection, stronger buoyancy
due to wall conduction effects retards the flow further, and leads to a decrease in
the heat transfer coefficient.

ko1, 5210

0.01 =/ it 0.1 0.3

Figure 4. Streamwise variation of the bulk temperature 8, (or
Q/Qmax) for axially periodic Biot number values (Bi, =5,
Bi; =250, 7= 107*, and o = 37).
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Figure 5. Streamwise variation of the bulk temperature 8, (or
Q/Qmay) for axially periodic Biot number values (Bi, = 1,
Bi; =50, 7= 1074 and o = 7r).

For positive values of Gr/Re, i.e., when Gr/Re = 10 or 100, the increase in
heat transfer over the forced convection value is greater for higher values of pipe
wall thermal conductivity. For Gr/Re = 100, the increase in heat transfer aver the
forced convection value for the nonconducting pipe is 14.28% at X = (.01, 28.85%
at X = 0.05, and 23.125% at the pipe exit. For k = 16.5 X 10~ these percentages
are 28.57%, 46.236%, and 22.3%, respectively, and for « = 1.65 X 10~ the corre-
sponding values are 29.63%, 47.35%, and 22.18%, respectively. In this situation,
buoyancy aids the flow by accelerating it near the pipe wall and, thus, augments the
convection heat transfer coefficient. When conduction in the pipe wall is accounted
for, preheating by axial conduction increases the pipe wall temperatures upstream,
causing greater radial temperature variations and stronger buoyancy-induced con-
vection. Thus, the buoyancy-induced increase in heat transfer is higher at a higher
wall thermal conductivity.

— M), MR8 L_n -0
.............. BL =334

_— M
w e, w80, ) | g0

Cr/ke=100

Cr/Re=-10

Cr/Ra=lO

0.01

49.001 0.0n lll"'l 0.1 0.3

Figure 6. Streamwise variation of the bulk temperature @, (or
Q/Qay) for axially periodic and constant Biot number values
using two pipe wall boundary conditions (Bi, = 1, Bi; = 50,
7=10"% o =13r,and x = 16.5 X 1073).
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For the aided flows, and particularly at the higher Gr/Re values, the increase
in heat transfer over the forced convection values exhibits a small peak near the
midstream location due to the buoyant acceleration of flow near the pipe wall that
causes an increase in the tube-side convection heat transfer coefficient. As the flow
develops further, and toward the fully developed condition, the rate of increase in
heat transfer decreases toward the forced convection value.

The above stated trends and corresponding explanation apply to all cases
presented in Figures 3—-5. However, with increasing levels of the external heat
transfer cocfficients (compare Figure 3, for which Bi, = 1 and Bi; = 50, and
Figure 4, for which Bi, = 5 and Bi, = 250), the external thermal resistances are
smaller, the wall temperatures are more uniform, and the influence of longitudinal
pipe conduction is reduced. With increasing interfin spacing (compare Figure 3, for
which ¢ = 37, and Figure 5, for which o = 7r), the external convective resistance
is higher, and consequently, the effect of pipe wall thermal conductivity is greater.

As mentioned earlier, two boundary conditions at X = 0 are considered for
the solution of the conduction equation, Eq. {5). The boundary condition used in
obtaining the results presented in Figures 3-5 is the adiabatic condition 46,/
dX = 0. Limited calculations are also performed with the isothermal boundary
condition §, = 0 at X = 0. The comparison between the two boundary condi-
tions for a typical case (Bi, = 1, Bi; = 50, o = 37, and « = 16.5 X 107%) is shown
for Gr/Re = 10 in Figure 6. It may be noted that the curve for the adiabatic
boundary condition is very close to that for the isothermal boundary condition. The
difference between the two curves is only near the entrance to the pipe, and after
the initial entry region, the two curves merge into one.

Results are also compared in Figure 6 with corresponding unfinned tube
results (Bi, = 1) and with results obtained using a uniform area-averaged Biot
number (Bi,, defined in the nomenclature) suggested by Sparrow and Charmchi
{1). The extent to which the finned-tube lines lie above the Bi = 1 lines indicates
the degree of heat transfer enhancement achieved by finning. The constant lines
corresponding to Bi, lie slightly above the curves for the streamwise periodic cases,
but the differences are not large {less than 10% at X = 0) and decrease in the
streamwise direction. Thus, for conducting pipes, in the absence of solutions for
the periodic cases, heat transfer results corresponding to this type of Bi, might be
considered as a first approximation for those for a periodic Bi. However, for the
nonconducting case {x = =) the differences between the area-averaged bulk tem-
perature and the true value are considerably larger {nearly 27% at X = 0 for the
parameters in Figure 6). Thus, the Bi, approximation improves with increasing wall
conductivity.

NUSSELT NUMBERS
The streamwise variations of the tube-side Nusselt numbers, defined as
_hD o fad kD fad
Yk U (T — Ty d Tk b (T — Ty dr
(9

Nu
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Figure 7. Streamwise variation of Nusselt number for axially
periodic and constant Biot number values (Bi, = 1, Bi; = 50,
t=10"% o =37, and x = w).

are presented in Figures 7-9. These curves were drawn by calculating the average
values of the Nusselt number Nu, in the unfinned sections and Nu; in the finned
sections, and then connecting the respective values by smooth curves to provide
continuity, The Nu curves, corresponding to the unfinned sections, indicate lower
heat transfer rates. This behavior is anticipated, since the fluid entering an
unfinned section is preheated in the preceding finned section. All curves in Figures
7-9 (except those for which Gr/Re = 100) exhibit a similar behavior of decreasing
in the streamwise direction (with increasing fluid bulk temperatures) until they
reach a constant value. Once this occurs, the thermally fully developed regime is
attained. It should be mentioned here that thermally fully developed profiles were
obtained within x/R,/Pe < 0.3 for all cases presented except for the cases when
Gr/Re = 100.

13

0.08 llll/'! 0.1 4.1

Figure 8. Streamwise variation of Nusselt number for axially
periodic Biot number values (Bi, = 1, Bi; = 50, 7=10"",
o =37, and x = 16.5 X 107°).
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0.01 =/, /ra o) 0.3

Figure 9. Streamwise variation of Nusselt number for axially
periodic Biot number values (Bi, = 1, Bi; =50, » = 1074,
o=3r,and x = 1.65 X 1073},

The effects of the pipe wall thermal conductivity on the streamwise distribu-
tion of Nu can be observed by comparing the results in Figures 8 and 9 with those
in Figure 7. As longitudinal conduction increases, wall temperatures become more
uniform, that is, the wall temperatures in the finned segments decrease and those
in the unfinned segments increase. Thus, correspondingly, the Nu differences
between the finned and unfinned segments decrease. In Figure 9 the Nu, and Nu,
curves are very close and nearly overlap each other. In all cases, the lowest of Nu
and Nu,; curves are for Gr/Re = —10 (downward flow), while the highest curves
are for Gr/Re = 100, for reasons explained earlier. Moreover, for Gr/Re = 100
the Nu, and Nu, curves show a peak (near x/R,/Pe = 0.08 for the case of no
conduction in the pipe wall (Figure 7) and in the neighborhood of x/R;/Pe = 0.04
for the cases when the pipe wall conductivity is taken into consideration (Figures 8
and 9)) and then decrease toward the periodically fully developed values. This peak
is due to a sufficiently strong acceleration of the flow near the pipe wall, as will be
discussed in the next section, which causes a large enough increase in the tube-side
convection heat transfer coefficient to offset the decrease due to boundary layer
growth. The shift in the location of the peak upstream toward the pipe inlet, for
cases when the wall conductivity is finite, is due to preheating of the pipe wall by
axial conduction, which causes the flow acceleration to occur further upstream.
Also shown in Figure 7, for reference purposes, are the local Nu for the constant
Bi of 1 and 53 /4, whose streamwise distribution is expectedly seen to lie between
the Nu, and Nu; curves.

Table 1 presents, for one set of Bi and ¢ and 7 values, the axially averaged
Nu for the finned and unfinned sections of the pipe, defined by

LNu(x)o __  LNudlx)r

U, =
f Z]'T

Nu, =

v Lo (10)

The average Nu trends are in keeping with the local profiles presented earlier: Nu,
increases substantially, and Nu, decreases to a lesser extent when « changes from
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Table 1. Average and fully developed Nusselt number values

Bi, = 1,Bi,=50,7=10"*,and 0 =3r  Bi=1  Bi, = 53/4

Gr/Re «xx10* RNu, Wu; Nu,,q Ny, Mg Nuy, Ru Nuy
- 10 o 09292 12,109 07342 1041 487 3962 4.154 3.502
16.5 3.945 4.099 3.384 3553 4.021 344 398 3423

165 396 3973 3418 3434 3981 3.423 3976 3422

0 o0 0.9452 13255 07482 1128 5059 4.159 4,502 3.752
16.5 4.285 4486 3.617 3.83 4373 3686 4.331 3.667

1.65 4314 4323 3.6l 3.681 4.332 3.666 4.327 3.665

10 L] 09712 14.392 0.76832 12.06 5.246 4356 4.861 3.982
16.5 4.639 4886 3.816 4055 4.739 3.879 4.697 3.871

1.65 4.683 4.689 3.864 3886 4698 387 4.693 3868

100 o0 1.2642 22,693 09512 1707 6.794 5983 7.59 5434
16.5 7172 7.741 4.833 5.185 7.396 502 7.303 4.89

1.65 7.248 7.306 4.877 4908 7.309 4.897 7.295 4.881

o to 16.5 X 1073, Between « of 16.5 X 107* and 1.65 X 1073, Nu, and Nu,
change by a comparable amount. The same behavior applies to the periodically
fully developed Nu for the unfinned (Nu,) and finned (Nu,) portions of the tube.
In long pipes the use of the periodically developed values is expected to be a
reasonable representation of the average value. Also included in Table 1, for
completeness of presentation, are the average and fully developed values for the
uniform Bi cases.

VELOCITY DISTRIBUTION

The axial velocity profiles at four different cross-stream locations along the
pipe, for the case when Bi, = 1, Bi; = 50, 7= 107*, ¢ = 3r, and for the various
values of «, are depicted in Figure 10. The velocity profiles for small x/R;/Pe
(= 0.01) are only slightly different from those of the pure forced convection
profiles, with the largest deviation at the largest Gr/Re and the pipe wall
conductivity values. Further downstream, the deviation in the forced convection
profiles is much higher. Taking first the cases of positive Gr/Re, at any « value,
the centerline velocity tends to decrease downstream, reaches a minimum, and
then increases again. This is due to the acceleration of the near-wall fluid by
buoyancy forces. Since the mass flow rate is constant, the velocity in the neighbor-
hood of the centerline must be correspondingly lower. However, increasing flow
velocities are associated with increasing viscous effects, and as x /R, /Pe increases,
the fluid bulk temperature also increases, and the local buoyancy-induced accelera-
tion decreases. Thus, with streamwise development of the flow, the buoyant forces,
the viscous retardation, and the pressure forces start to balance each other, driving
the velocity profile toward its fully developed state. Beyond a certain X, due to
radial diffusion, the centerline velocity starts to rise again. The above described
effect is more pronounced for Gr/Re = 100, where the maximum velocity shifts
toward the pipe wall, and a concavity in the velocity profile (associated with
depressed centerline velocity) develops around the centerline.



170 F. MOUKALLED ET AL.

v Gr/Re=-104; /Ra=100

a
&
N
&

r X=0,01 X=0.1 - =0.15 ¥ X=0,25

-
T T
]
'
1]
A N T

1]
3 () ’ (€3] () (h) E
u Gr/Re=10] .

Figure 10. Velocity profiles at various axial stations and for different Gr/Re
values (Bi, = 1, Bi; = 50, r = 107%, o = 37): (a=d) x = o, (e-h) x = 165 X
1073, and (i-1) x = 1,65 x 1072,

For negative vatues of Gr/Re, the opposite effect is observed. At moderate
x /R, /Pe stations, buoyancy effects are strong and retard the flow close to the wall.
In order for continuity to be satisfied, the centerline velocity increases. As the
difference between the fluid and wall temperatures diminishes, these effects
decrease in magnitude, the centerline velocity starts to decrease, and the velocity
eventually reaches the fully developed state.

The effect of the pipe wall thermal conductivity is to accentuate the above
noted behavior. Since, due to axial conduction, there is greater heat transferred to
the fluid, and buoyancy effects are enhanced, for positive Gr/Re, the near-wall
acceleration of the flow is enhanced, and for negative Gr/Re, the near-wall
deceleration of the flow is greater with increasing wall conductivity. Stronger
buoyancy in the early development stages of the flow leads to a faster recovery of
the fully developed profile (compare Figures 10d, 104, and 10/). For a pipe of
pootly conducting material (x = =), the smaller levels of heat transferred to the
flow cause a more gradual development in these profiles.

The centerline velocity increases with Gr/Re when buoyancy is in the
opposing mode (Gr/Re < 0) and decreases when it is in the aiding mode (Gr/Re
> 0). For Gr/Re = 100 the centerline velocity decreases to a near-zero value.
Experimentation with values of Gr/Re > 100 caused negative centerline velocities
and separation of the flow that cannot be handled with the parabolic solution
technique adopted in this work.

TEMPERATURE DISTRIBUTION

The temperature profiles presented in Figure 11 reflect the streamwise
variation of the fluid bulk temperature. As shown, the temperatures increase
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Figure 11. Temperature profiles at various axial stations and for different
Gr/Re values (Bi, = 1, Bi; = 50, 7= 107%, ¢ = 37): (a—d) x = », (e-h)
k=165 X 1073, and (i-1) x = 1.65 x 107,

downstream and do so faster at a higher value of Gr/Re and higher values of wall
conductivity. This is again linked to stronger buoyancy effects at the higher
parameter values, which cause stronger near-wall acceleration of the flow and
higher temperature gradients during the initial development of the flow,

Typical streamwise variations of the pipe wall temperature are presented in
Figures 12 and 13. The high wall conductivity curves exhibit a smoother variation
due to the smoothening effect of axial conduction in the pipe wall, the variation
becoming increasingly less smooth at higher Gr/Re values. The maximum
smoothening is obtained with the largest external heat transfer coefficients (Figure
13), where the pipe wall conduction has the strongest effect, and the wall tempera-

cat.bsxi0”?

cm1b,5x10"2

0.47 N " N N N N e

4.998x1073 N W H s.08za107

Figure 12. Pipe wall temperature distribution for 4,998 x 1073
<x/R;/Pe < 5082 x 1077 (Bi, = 1, Bi; = 50, 7 = 104, and
o = 37).
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Figure 13. Pipe wall temperature distribution for 4.998 X
107* <x/R,/Pe < 5082 x 10~% (Bi, =5, Bi;=250, 7=
10-4, and o = 37).

tures are closer to T, (note the vertical scale in Figure 13 is considerably smaller in
range than that in Figure 12). With decreasing wall conductivity values, the
smoothening effect of axial conduction is reduced, and the temperature curves
show a highly nonmenotonic periodic variation. The amplitude of these variations
increases with decreasing external heat transfer coefficient and increasing Gr/Re
values. Increasing the interfin spacing, which reduces the effect of axial conduc-
tion, expectedly leads to temperature variations of larger amplitude and larger
wavelength.

CONCLUSION

A numerical investigation is conducted of conjugate conduction—mixed con-
vection heat transfer in externally finned vertical pipes. The effects of wall
conductivity, interfin spacing, buoyancy forces, and external heat transfer coeffi-
cient ar¢ examined. Axial conduction in the pipe wall is found to strongly affect the
flow and thermal fields. Buoyancy effects are stronger when the pipe wall conduc-
tivity is considered, and increase the overall heat transferred to the fluid if
buoyancy is in the aiding mode and decrease it if buoyancy is in the opposed mode.
Longitudinal wall conduction (and therefore, the buoyancy) is reduced with de-
creasing wall conductivity, increasing interfin spacing, and decreasing levels of the
external heat transfer coefficient (which represents the fin surface area). Nusselt
numbers and wall temperatures in the finned and unfinned regions show significant
differences in their respective magnitudes, but these differences diminish with
increasing conduction on the longitudinal wall. An approximation of the area-aver-
aged Biot number can significantly overestimate the heat transferred if wall
conductivity is zero or small, but this overestimation diminishes to less than 10% at
higher wall conductivities. Buoyancy decelerates the near-wall flow in the opposed
mode and, consequently, reduces the near-wall temperatures. In the aiding mode,
buoyancy accelerates the near-wall flow that, in turn, causes centerline velocities to
be depressed.
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