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  The Finite Volume Method in Computational Fluid Dynamics  
  An Advanced Introduction with OpenFOAM® and Matlab ®

This textbook explores both the theoretical foundation of the Finite Volume Method 
(FVM) and its applications in Computational Fluid Dynamics (CFD). Readers will 
discover a thorough explanation of the FVM numerics and algorithms used in the 
simulation of incompressible and compressible fluid flows, along with a detailed 
examination of the components needed for the development of a collocated 
unstructured pressure-based CFD solver. Two particular CFD codes are explored. The 
first is uFVM, a three-dimensional unstructured pressure-based finite volume academic 
CFD code, implemented within Matlab®. The second is OpenFOAM®, an open source 
framework used in the development of a range of CFD programs for the simulation of 
industrial scale flow problems. 

With over 220 figures, numerous examples and more than one hundred exercises on 
FVM numerics, programming, and applications, this textbook is suitable for use in an 
introductory course on the FVM, in an advanced course on CFD algorithms, and as a 
reference for CFD programmers and researchers.
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Discretization of the 
Convection Term
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Convection Term
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Figure 7. (a) Pressure contours and (b) Mach number distributions along the upper and lower walls for supersonic flow over a bump (Minlet¼ 1.4). Convergence
history plots of the various algorithms using the (c) single-grid, (d ) prolongation grid, and (e) multigrid methodologies for supersonic flow over a bump (Minlet¼ 1.4).
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Figure 6. (a) Pressure contours and (b) Mach number distributions along the upper and lower walls for transonic flow over a bump (Minlet¼ 0.675). Convergence
history plots of the various algorithms using the (c) single-grid, (d ) prolongation grid, and (e) multigrid methodologies for transonic flow over a bump (Minlet¼ 0.675).
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The simplicity of the convection term does not 
extend to its discretization (3 decades of research 

and continuing)  

Pressure Correction Equation
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Convection Schemes
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Convection Discretization

� 

∇ ⋅ ρvφ( ) = 0

� 

ρvφ( ) f ⋅Sf
f = nb(P )
∑ = 0

Sw

P EW

N

S SE

NE

SW

NW

Se

Sn

Ss

(∆x)P

(δx)w (δx)e

(∆y)P

(δy)n

(δy)s

1
m

v(2,1)

1m

Φ=1

Φ=1

Φ=1

� 

ρeve ⋅Se( )φe + ρwvw ⋅Sw( )φw + ρnvn ⋅Sn( )φn + ρsvs ⋅Ss( )φs = 0



Sw Se

Sn

Ss

EW

N

S

C

NW NE

SW SE

Δy( )C

δ x( )w δ x( )e

δ y( )n

δ y( )s

Δx( )
C

ew

n

s

x

y

Second -Order Upwind

� 

ρeve ⋅Se( )φe = ρeve ⋅Se( ) 3
2
φP −

1
2
φW

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

φ f ,SOU = 3
2
φC −

1
2
φU

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

ρwvw ⋅Sw( )φw = ρwvw ⋅Sw( ) 3
2
φW − 1

2
φWW

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ 

� 

ρeve ⋅Se( ) 3
2
φP −

1
2
φW

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ + ρwvw ⋅Sw( ) 3

2
φW − 1

2
φWW

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ +

ρnvn ⋅Sn( ) 3
2
φP −

1
2
φS

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ + ρsvs ⋅Ss( ) 3

2
φS −

1
2
φSS

⎛ 
⎝ 
⎜ 

⎞ 
⎠ 
⎟ = 0

� 

aPφP + aNφN
N=E ,W ,N ,S,WW ,SS,NN ,SS

∑ = 0

� 

aE = aN = aEE = aNN = 0� 

aW = 3
2

ρwvw ⋅Sw( ) − 1
2

ρeve ⋅Se( )

� 

aS = 3
2

ρsvs ⋅Ss( ) − 1
2

ρnvn ⋅Sn( )

� 

aWW = − 1
2

ρwvw ⋅Sw( )

� 

aSS = − 1
2

ρsvs ⋅Ss( )

� 

aP = − aN
N=E ,W ,N ,S,EE ,WW ,NN ,SS

∑



Sw Se

Sn

Ss

EW

N

S

C

NW NE

SW SE

Δy( )C

δ x( )w δ x( )e

δ y( )n

δ y( )s

Δx( )
C

ew

n

s

x

y

Deferred Correction
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Unstructured Grids
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Unstructured Grid
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Computing the Gradient
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Gradient at the Cell Face
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Gradient Formulation of HO 
schemes
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Gradient Form of Schemes
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Normalized HO Schemes
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Bounded HR Schemes  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Implementation
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Deferred Correction
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HR Schemes

4.2. Advection of a sinusoidal profile

This problem is similar to the previous one in geo-
metry except that a sinusoidal profile is used. The sinu-
soidal profile involves steep and smooth regions, as well
as an extremum point, making its simulation much more
demanding than the simple step profile. The profile is
given as

/ ¼ sin p
2
max 1" absðy"0:1707Þ

0:1707 ; 0
! "! "

06 y6 0:3414

0 otherwise

(

ð28Þ

The problem is depicted in Fig. 5(a), the same meshes as
the step-profile problem were used. Results are shown in
Fig. 5(b) and (c) for the coarse and fine meshes respec-

tively. As expected all the schemes suffer from a sub-
stantial decrease in the numerical extremum, with its
value decreasing down to 0.48 for the UPWIND scheme.
The SUPERBEE preserves on the coarse mesh more of
the extremum value (0.83), and experience no loss in
extremum on the fine mesh. The BJ-MUSCL, TVD-
MUSCL and OSHER schemes results are much better
than those of the UPWIND scheme and the MINMOD
scheme, while still experiencing on the coarse and fine
meshes a decrease in the extrema down to 0.68 and 0.92
respectively.

4.3. Advection of a double-step profile

A double-step profile is imposed at inlet to the square
domain depicted in Fig. 6(a). The profile is given as

Fig. 5. Convection of a sinusoidal profile: (a) physical domain, (b) / profile at y ¼ 0:8 using coarse grid, (c) / profile at y ¼ 0:8 using
dense grid.
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