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  F. Moukalled · L. Mangani · M. Darwish  
  The Finite Volume Method in Computational Fluid Dynamics  
  An Advanced Introduction with OpenFOAM® and Matlab ®

This textbook explores both the theoretical foundation of the Finite Volume Method 
(FVM) and its applications in Computational Fluid Dynamics (CFD). Readers will 
discover a thorough explanation of the FVM numerics and algorithms used in the 
simulation of incompressible and compressible fluid flows, along with a detailed 
examination of the components needed for the development of a collocated 
unstructured pressure-based CFD solver. Two particular CFD codes are explored. The 
first is uFVM, a three-dimensional unstructured pressure-based finite volume academic 
CFD code, implemented within Matlab®. The second is OpenFOAM®, an open source 
framework used in the development of a range of CFD programs for the simulation of 
industrial scale flow problems. 

With over 220 figures, numerous examples and more than one hundred exercises on 
FVM numerics, programming, and applications, this textbook is suitable for use in an 
introductory course on the FVM, in an advanced course on CFD algorithms, and as a 
reference for CFD programmers and researchers.

 Engineering 

9 783319 168739

Discretization of the 
Convection Term

Chapter 11



Convection Term
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account for compressibility effects

Figure 7. (a) Pressure contours and (b) Mach number distributions along the upper and lower walls for supersonic flow over a bump (Minlet¼ 1.4). Convergence
history plots of the various algorithms using the (c) single-grid, (d ) prolongation grid, and (e) multigrid methodologies for supersonic flow over a bump (Minlet¼ 1.4).
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Figure 6. (a) Pressure contours and (b) Mach number distributions along the upper and lower walls for transonic flow over a bump (Minlet¼ 0.675). Convergence
history plots of the various algorithms using the (c) single-grid, (d ) prolongation grid, and (e) multigrid methodologies for transonic flow over a bump (Minlet¼ 0.675).
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∂ ρE( )
∂t

+∇⋅ ρvE( ) = −∇⋅ vP( ) +∇⋅ v ⋅τ( ) +Q

∂ ραC( )
∂t

+∇⋅ ρvαC( ) = 0
Fluid 1

Fluid 2

Fluid 3

Fluid 4

The simplicity of the convection term does not 
extend to its discretization (3 decades of research 

and continuing)  

Pressure Correction Equation



Source of Errors

• Numerical Diffusion
‣ Smearing of the predicted profile
‣ Stream-wise Numerical Diffusion

• low order interpolation profile
‣ Cross-stream Numerical Diffusion

• one-dimensional nature of the 
assumed profile

• Numerical Dispersion
‣ Non-physical spatial oscillations or 

over/under shoots
‣ Unphysical behavior of the assumed 

profile
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Convection-Diffusion Equation

• The simplicity of the convection term does not extend to its 
discretization (3 decades of research and more is still needed)  
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Nomenclature
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Numerical Instability
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Analytical vs Numerical 
Solution
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Upwind Scheme
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Re-arranging
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Stability Criterion
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Strategies
Higher Order SchemerSkew Schemes

SUDS (1976) 
SUWDS (1976) 
VSUD (1981) 
DTUD (1993)

HYBRID (1971) 
QUICK (1979) 

2nd Order UPWIND 
....

Blending Strategy Flux Limiters

FCT (1979) 
FRAM (1981) 

SB
TVD (... ) 

NVF/NVSF (1983-93)

Higher Order Schemes

Blending Strategy

Flux Limiters

High-Resolution SchemesOSHER (2U+TVD) 
MINMOD (2U,2C+TVD) 

MUSCL (TVD) 
CLAM (TVD) 

SMART (3U+NVF) 
SHARP (3U+NVF) 

STOIC (2C,3U+NVF)

Blending Strategy

Streamline Schemes BTUD 
FRAM-SUDS 

NVFSUDS

Flux Limiters

NVF
TVD

Anti-Diffusive Schemes

• Numerical Dispersion
– Blending Strategy

A high order scheme is blended
with a low order scheme

– Composite Flux Limiter

A Limiter function is applied to a flux
calculated using a high-order scheme

Low Order Schemes

Anti-Diffusion

Beta Schemes



Hybrid Scheme
The idea is to combine the Central and Upwind Schemes, so as to 

add robustness of the Upwind scheme to the Central scheme
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Hybrid Scheme

WW P EE

ue

ϕP

ϕE

W E

ϕW

uwuww uee

ϕe
ϕw

� 

aE =
−Γ Δye

δxe
+

ρuΔy( )e
2

, if Pee < 2

−Γ Δye
δxe

, otherwise

⎧ 

⎨ 
⎪ ⎪ 

⎩ 
⎪ 
⎪ 

aW =
−Γ Δyw

δxw
−

ρuΔy( )w
2

, if Pew < 2

−Γ Δyw
δxw

− ρuΔy( )w, otherwise

⎧ 

⎨ 
⎪ ⎪ 

⎩ 
⎪ 
⎪ 

aP = − aE + aW( ) + ρuΔy( )e − ρuΔy( )w

� 

u > 0

1

1

p
h

i

x

Peclet = 20

1

1

p
h

i

x

Peclet = 4

1

1
x

p
h

i

Peclet = 1/2



Boundary Conditions
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Outlet BC
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Wall BC
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