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Momentum BCs

� 

∂ ρv( )
∂t

+ ∇ ⋅ ρvv( ) = ∇ ⋅ τ −∇p+ B

 

ρv( )P − ρv( )P


∆ t
ΩP + mfv f( )

f ~nb(P )
∑ = −∇PPΩP + τ f ⋅S f( )

f ~nb(P )
∑

 

ρv( )P − ρv( )P


∆ t
ΩP

element discretization

+ mfv f( )
f ~nb(P )
∑
face discretization

= −∇PPΩP

element discretization

+ τ f ⋅S f( )
f ~nb(P )
∑
face discretization

 

mfv f( )
f ~nb(P )
∑
face discretization

= mfv f( )
f ~int erior nb(P )
∑ + mbvb

boundary term


 

τ f ⋅S f( )
f ~nb(P )
∑
face discretization

= τ f ⋅S f( )
f ~int erior nb(P )
∑ + τ b ⋅Sb

boundary term


 

= τ f ⋅S f( )
f ~int erior nb(P )
∑ + Fb

boundary term


semi-discretized form

discretization type loop over elements

loop over interior faces

loop over boundary faces

boundary terms



No-Slip Wall
 
Fb = F⊥ + F



 
= F⊥ + F



e⊥ =
Sb
Sb

 

v

=

vx − vx ⋅ e⊥ x + vy ⋅ e⊥ y( )e⊥ x
vy − vx ⋅ e⊥ x + vy ⋅ e⊥ y( )e⊥ y
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F

= τwall Sb

Fb = −
µ Sb
d⊥

vx − vx ⋅ e⊥ x + vy ⋅ e⊥ y( )e⊥ x
vy − vx ⋅ e⊥ x + vy ⋅ e⊥ y( )e⊥ y

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪

 

τwall = −µ
∂v


∂d⊥



No-Slip Wall

 

ρvx( )P − ρvx( )P


∆ t
ΩP + mf vx, f( )

f ~int erior nb(P )
∑ = − ∇PP ⋅ i( )ΩP + τ f ⋅S f( ) ⋅ i − µ Sb

d⊥

vx − vx ⋅ e⊥ x + vy ⋅ e⊥ y( )e⊥ x( )
f ~int erior nb(P )
∑

−
µ Sb
d⊥

vx 1− e⊥ x
2( ) − vy ⋅ e⊥ ye⊥ x

vy 1− e⊥ y
2( ) − vx ⋅ e⊥ xe⊥ y

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
aP ← aP +

µ Sb
d⊥

1− e⊥ x
2( )

bP ← bP +
µ Sb
d⊥

vy ⋅ e⊥ ye⊥ x

similar treatment for y-component

treatment for x-component



Inlet



Outlet



Pressure BCs
∂ρ
∂t

+∇ ⋅ ρv( ) = 0

 

ρ − ρ

∆ t
Ω + ρv ⋅S( ) f

f ~nb(P )
∑ = 0

 

ρ − ρ

∆ t
Ω

element discretization

+ ρv ⋅S( ) f
f ~nb(P )
∑
face discretization

= 0

 

ρ − ρ

∆ t
Ω + ρv ⋅S( ) f

f ~int erior nb(P )
∑ + ρv ⋅S( )b

boundary term
 

= 0

semi-discretized form

discretization type

boundary terms

loop over elements

loop over interior faces

loop over boundary faces



Boundary Terms 
Contribution

 

ρ∗ + ′ρ − ρ

∆ t
Ω + ρ∗ + ′ρ( ) f v∗ + ′v( ) f ⋅S f

f ~int erior nb(P )
∑ + ρ∗ + ′ρ( )b v∗ + ′v( )b ⋅Sb

boundary term
  

= 0

  

ap =
VPCρ

Δt
elements contribution


+
Cρ, f

ρ f
(n) mf

∗ ,0
⎛

⎝⎜
⎞

⎠⎟f =nb(P )
∑ + ρ f

(n)D f
f =nb(P )
∑

int erior faces contribution
  

+ ?
boundary face contribution



  

aF = − − mf
∗ ,0

Cρ, f

ρ f
(n) − ρ f

(n)D f

int erior faces contribution
  

 

bP = −
ρP
(n) − ρP

( )
Δt

V

elements contribution
  

P

+ − mf
∗

f =nb(P )
∑ + ρ f

(n) D f∇ ′pf( ) ⋅Tf
f =nb(P )
∑

int erior faces contribution
  

+ ?
boundary face contribution



wa
ll

S
b

pP

pb



No-Slip Wall
ρv ⋅S( )b = 0 boundary contribution = 0

  

ap =
VPCρ

Δt
elements contribution


+
Cρ, f

ρ f
(n) mf

∗ ,0
⎛

⎝⎜
⎞

⎠⎟f =nb(P )
∑ + ρ f

(n)D f
f =nb(P )
∑

int erior faces contribution
  

  

aF = − − mf
∗ ,0

Cρ, f

ρ f
(n) − ρ f

(n)D f

int erior faces contribution
  

 

bP = −
ρP
(n) − ρP

( )
Δt

V

elements contribution
  

P

+ − mf
∗

f =nb(P )
∑ + ρ f

(n) D f∇ ′pf( ) ⋅Tf
f =nb(P )
∑

int erior faces contribution
  

wa
ll

S
b

pP

pb



Boundary Vallues

b = P

pb =
pP cons tan t profile
pP +∇pP ⋅dPb linear profile

⎧
⎨
⎩

⇒ ρb
(n)vP ⋅Sb − ρb

(n)DP ∇pb −∇pP( ) ⋅Sb = 0
⇒DP ∇pb

(n) −∇pP
(n)( ) ⋅Sb = 0

 
⇒ pb = pP +

DP∇pP
(n)( ) ⋅Sb − DP∇pb

(n−1)( ) ⋅Tb
D P

⇒ ρb
(n)vb ⋅Sb − ρb

(n)Db ∇pb −∇pb( ) ⋅Sb = 0

⇒

ρv ⋅S( )b = 0

assuming a profile

using Rhie-Chow interpolation

wa
ll

S
b

pP

pb



Subsonic Inlet Specified 
Velocity

 
mb = −ρv specified ⋅Sb

pb = ?

pP

 

ρ∗ + ′ρ( )b v∗ + ′v( )b ⋅Sb
boundary term

  
= ρb

∗vb
∗ ⋅Sb + ρb

∗ ′vb ⋅Sb + ′ρbvb
∗ ⋅Sb + ′ρb ′vb ⋅Sb

== mb
∗ +
mb
∗

ρb
∗ ′ρb



Contributions

  

ap =
VPCρ

Δt
+

Cρ, f

ρ f
(n) mf

∗ ,0
⎛

⎝⎜
⎞

⎠⎟f =nb(P )
∑ + ρ f

(n)D f
f =nb(P )
∑

int erior faces contribution
  

+ Cρ,b
mb
*

ρb
(n)

boundary face contribution
 

 

bP = −
ρP
(n) − ρP

( )
Δt

V

elements contribution
  

P

+ − mf
∗

f =nb(P )
∑ + ρ f

(n) D f∇ ′pf( ) ⋅Tf
f =nb(P )
∑

int erior faces contribution
  

+ mb
boundary face contribution



 
mb = −ρv specified ⋅Sb

pb = ?

pP



Specified Velocity

 
mb = ρb

(n)vb ⋅Sb − ρb
(n)Db ∇pb −∇pb( ) ⋅Sb

 

⇒DP ∇pb
(n) −∇pP

(n)( ) ⋅Sb = mb

ρb
(n) − vP ⋅Sb

  
⇒ pb = pP +

mb

ρb
(n) − vP ⋅Sb + DP∇pP

(n)( ) ⋅Sb − DP∇pb
(n−1)( ) ⋅Tb

D P

pb =
pP cons tan t profile
pP +∇pP ⋅dPb linear profile

⎧
⎨
⎩⇒

assuming a profile

using Rhie-Chow interpolation

b = P  
mb = ρb

(n)vP ⋅Sb + ρb
(n)DP ∇pb −∇pP( ) ⋅Sb

 
mb = −ρv specified ⋅Sb

pb = ?

pP



Subsonic Inlet Specified 
Pressure

pP

vb = ?

pb = pspecified

 

ρ∗ + ′ρ( )b v∗ + ′v( )b ⋅Sb
boundary term

  
= ρb

∗vb
∗ ⋅Sb + ρb

∗ ′vb ⋅Sb + ′ρbvb
∗ ⋅Sb + ′ρb ′vb ⋅Sb = mb

∗ + ρb
∗ ′vb ⋅Sb

ρb
∗ ′vb ⋅Sb = ρb

∗ ′vb ⋅Sb − ρb
(n)Db ∇ ′pb −∇ ′pb( ) ⋅Sb

b = P
= −ρb

(n)DP ∇ ′pb −∇ ′pP( ) ⋅Sb

′pb = 0

 = −ρb
(n)D P ′pb − ′pP( )−DP ∇ ′pb ⋅Tb −∇ ′pP ⋅Sb( )



Contributions

  

ap =
VPCρ

Δt
+

Cρ, f

ρ f
(n) mf

∗ ,0
⎛

⎝⎜
⎞

⎠⎟f =nb(P )
∑ + ρ f

(n)D f
f =nb(P )
∑

int erior faces contribution
  

+ ρb
(n)D P

boundary face contribution


 

bP = −
ρP
(n) − ρP

( )
Δt

V

elements contribution
  

P

+ − mf
∗

f =nb(P )
∑ + ρ f

(n) D f∇ ′pf( ) ⋅Tf
f =nb(P )
∑

int erior faces contribution
  

+ mb +DP ∇ ′pb ⋅Tb −∇ ′pP ⋅Sb( )
boundary face contribution

  

  

aF = − − mf
∗ ,0

Cρ, f

ρ f
(n) − ρ f

(n)D f

int erior faces contribution
  

pP

vb = ?

pb = pspecified



Boundary Values

 
mb = ρb

(n)vP
∗ ⋅Sb − ρb

(n)DP ∇pb
(n) − ∇pP

(n)( ) ⋅Sb

 

⇒ vb
∗ =

mb

evb ⋅Sb( )ρb(n)

pP

vb = ?

pb = pspecified



Subsonic Outlet

 
mb
∗ = ρb

(n)vP
∗ ⋅Sb − ρb

(n)DP ∇pb
(n) − ∇pP

(n)( ) ⋅Sb

  

ap =

VPCρ

Δt
+ ρ f

n( )D f
f =nb P( )
∑

int erior faces contribution
  

+ ρb
n( )DP

boundary face contribution


incompressible

VPCρ

Δt
+

Cρ, f

ρ f
n( ) mf

* ,0
⎛

⎝
⎜

⎞

⎠
⎟

f =nb P( )
∑ + ρ f

n( )D f
f =nb P( )
∑

int erior faces contribution
  

+
Cρ,b

ρb
n( ) mb

* + ρb
n( )DP

boundary face contribution
  

compressible

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪



Subsonic Outlet 
Specified Pressure

 

ρ∗ + ′ρ − ρ

∆ t
Ω + ρ∗ + ′ρ( ) f v∗ + ′v( ) f ⋅S f

f ~int erior nb(P )
∑ + ρ∗ + ′ρ( )b v∗ + ′v( )b ⋅Sb

boundary term
  

= 0

b = P
′vb = ′vP − DP ∇ ′Pb − ∇ ′PP( )

′Pb = 0 ⇒ ′ρb = 0

′vb ⋅Sb = −DP ∇ ′Pb − ∇ ′PP( ) ⋅Sb
= DP

′Pb − ′PP
dPb

Eb − DP∇ ′Pb ⋅ Sb − Eb( ) +∇ ′PP ⋅Sb

 

ρ∗ + ′ρ( )b v∗ + ′v( )b ⋅Sb
boundary term

  
= ρb

∗vb
∗ ⋅Sb + ρb

∗ ′vb ⋅Sb = mb
∗ + ρb

∗ ′vb ⋅Sb

−ρb
∗DP

′Pb − ′PP
dPb

Eb − ρb
∗DP∇ ′Pb ⋅ Sb − Eb( ) + ρb

∗∇ ′PP ⋅Sb


