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Characterization of Gevrey Regularity 1

by a Class of FBI Transforms 2

S. Berhanu and Abraham Hailu 3

1 Introduction 4

The FBI transform is a nonlinear Fourier transform introduced by J. Bros and 5

D. Iagolintzer in order to characterize the local and microlocal analyticity of 6

functions (or distributions) in terms of appropriate decays in the spirit of the Paley- 7

Wiener theorem. This paper characterizes local and microlocal Gevrey regularity 8

in terms of appropriate decays of a more general class of FBI transforms that were 9

introduced in [6]. The classical and more commonly used FBI transform has the 10

form 11

Fu.x; �/ D
Z
Rm

ei��.x�x0/�j�jjx�x0 j2u.x0/ dx0; x; � 2 R
m (1)

where u is a continuous function of compact support in R
m or a distribution of 12

compact support in which case the integral is understood in the duality sense. This 13

transform characterizes microlocal analyticity (see [14]) and microlocal smoothness 14

(see [8]) and has been used in numerous works to study the regularity of solutions 15

of linear and nonlinear partial differential equations.AQ1 16

Among the many works where the transform (1.1) has been used, we mention

AQ2

17

[2–5, 7–12] and [14]. In [14] (see also [8] and [15]) more general FBI transforms 18
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than (1.1) were considered where the phase function behaved much like the 19

quadratic phase i� � .x � x0/ � j�jjx � x0j2 in that the real part of the Hessian was 20

required to be negative definite. 21

In the work [6] the authors introduced a more general class of FBI transforms 22

where the real part of the Hessian of the phase function may degenerate at the point 23

of interest. It was shown that these more general transforms characterize local and 24

microlocal smoothness and real analyticity. Simple examples of the transforms that 25

were introduced include, for each k D 2; 3; : : : , 26

Fku.x; �/ D
Z
Rm

ei��.x�x0/�j�jjx�x0 j2k
u.x0/ dx0; x; � 2 R

m: 27

Observe that for k > 1, these transforms have a degenerate Hessian at the origin. In 28

[6] F2u was used to establish the microlocal hypoellipticity of certain systems of 29

complex vector fields in a situation where the standard transform Fu didn’t seem 30

to help. 31

In section 2 we discuss the local and microlocal characterization of Gevrey 32

functions as boundary values of almost analytic functions F with the property that 33

@F decays exponentially. In section 3 we present a characterization of the Gevrey 34

wave front set in terms of appropriate decays of a class of FBI transforms introduced 35

in [6]. This result generalizes a result of M. Christ ([7]) who proved a similar 36

characterization using the classical transform given by (1.1). 37

The authors are grateful to the referee for some helpful comments. 38

2 Gevrey Functions and Some Preliminaries 39

Definition 1 Let s � 1: Let f .x/ 2 C1.˝/; ˝ � R
m open. The function f is a 40

Gevrey function of order s on˝ if for any K �� ˝ there is a constant CK > 0 such 41

that 42

j@˛f .x/j � Cj˛jC1
K .˛Š/s; 8 x 2 K; 8 ˛:

We denote the class of Gevrey functions of order s on ˝ by Gs.˝/: If s D 1; then 43

G1.˝/ D C!.˝/ is the space of real analytic functions on ˝ . 44

Definition 2 Let ˝ � R
m be open, and u 2 D 0.˝/, s > 1. Let x0 2 ˝ . We say 45

.x0; �0/ … WFs.u/ (Gevrey wave front set of u) if there is ' 2 Gs \ C1
0 (Gevrey 46

function of compact support), ' � 1 near x0; a conic neighborhood � of �0 and 47

constants c1; c2 > 0 such that 48

jc'u.�/j � c1 exp
�
�c2j�j 1s

�
; 8� 2 �:

49
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Equivalently, 50

jc'u.�/j � cNC1
1 .NŠ/j�j �N

s ; 8� 2 �;8N D 1; 2; : : : :

Here c'u.�/ denotes the Fourier transform of 'u. 51

It is well known that u 2 Gs.˝/ if and only if WFs.u/ D ; over˝ (see [13]). 52

Theorem 1 Let ˝ � R
m be open. f 2 Gs.˝/ if and only if for each K �� ˝ 53

relatively compact and open, there is F.x; y/ 2 C1.K � R
m/ such that 54

1. F.x; 0/ D f .x/ on K and 55

2.

ˇ̌
ˇ̌@F

@ Nzj
.x; y/

ˇ̌
ˇ̌ � c1 exp

 
�c2

jyj 1
s�1

!
;8j D 1; 2; : : : ;m

on K � Bı for some constants c1; c2; ı > 0 where Bı D fy 2 R
m W jyj < ıg and 56

zj D xj C iyj. 57

In the proof of Theorem (1) we will use the following remark. 58

Remark 1 It is easy to see that condition .2/ in Theorem (1) holds if and only if for 59

some c > 0 60

ˇ̌
ˇ̌@F

@ Nzj
.x; y/

ˇ̌
ˇ̌ � cNC1NŠjyj N

s�1 ;8N D 0; 1; 2; : : : : (2)

61

Proof Suppose f .x/ 2 Gs.˝/ and K �� ˝ relatively compact and open. Let 62˚
aj˛j

�
j˛j2N be defined by 63

aj˛j D 1

Cj˛js�1 ; a0 D 1

for some C to be chosen later. Set 64

F.x; y/ D
X
˛

ij˛j

˛Š
@˛x f .x/y˛�

� jyj
aj˛j

�
(3)

where � 2 C1
0 .R/; � � 1 on

�� 1
2
; 1
2

�
, �.x/ � 0 when jxj � 1; 0 � � � 1. 65

We will first show that F is C1. Since f .x/ 2 Gs; there is CK > 0 such that 66

ˇ̌
@˛x f .x/

ˇ̌ � Cj˛jC1
K .˛Š/s; 8 x 2 K; 8 ˛: (4)

67



UNCORRECTED
PROOF

S. Berhanu and A. Hailu

For x 2 K, since � is supported in Œ�1; 1�, 68

ˇ̌
ˇ̌
ˇ
ij˛j

˛Š
@˛x f .x/y˛�

� jyj
aj˛j

�ˇ̌ˇ̌
ˇ � Cj˛jC1

K .˛Š/s�1
1

Cj˛jj˛jj˛j.s�1/

� C

�
CK

C

�j˛jC1
(5)

For each ˛, let g˛.x; y/ D ij˛j

˛Š
@˛x f .x/y˛�

� jyj
aj˛j

�
. 69

j@xj g˛.x; y/j � Cj˛jC2
K

˛Š
..˛ C ej/Š/

s 1

Cj˛jj˛jj˛j.s�1/

� Cj˛jC2
K

˛Š
2sj˛j.˛Š/s

1

Cj˛jj˛jj˛j.s�1/

� C2

�
2s CK

C

�j˛jC2
(6)

where we used the fact that .˛ C ej/Š � 2j˛j˛Š. Next we consider 70

@yj g˛.x; y/ D ˛jij˛j

˛Š
y˛�ej.@˛x f /.x/�

� jyj
aj˛j

�
C ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj
D A˛.x; y/C B˛.x; y/: (7)

Here if ˛j D 0, we set A˛.x; y/ D 0. We have: 71

jA˛.x; y/j � C2

�
CK

C

�j˛jC1
j˛js

and 72

jB˛.x; y/j � C2C
0

�
CK

C

�j˛jC1
j˛js�1; C0 D sup�0:

It follows that 73

j@yj g˛.x; y/j � C2.1C C
0

/

�
CK

C

�j˛jC1
j˛js

We now choose C D 2sCK . From the preceding estimates, we conclude that F is C1. 74
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We next compute @F
@ Nzj
.x; y/ for each j D 1; : : : ;m: Fix j D 1; : : : ;m: Then 75

@F

@ Nzj
.x; y/ D 1

2

@

@xj

 X
˛

ij˛j

˛Š
@˛x f .x/y˛�

� jyj
aj˛j

�!

C i

2

@

@yj

 X
˛

ij˛j

˛Š
@˛x f .x/y˛�

� jyj
aj˛j

�!

D 1

2

X
˛

ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛�

� jyj
aj˛j

�

C i

2

X
f˛W˛j�1g

˛jij˛j

˛Š
y˛�ej.@˛x f /.x/�

� jyj
aj˛j

�

C i

2

X
˛

ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj

where ej D .0; : : : ; 0; 1„ƒ‚…
jth place

; 0; : : : ; / 2 N
m
0 : 76

Let ˇ D ˛ � ej: Then jˇj D j˛j � jejj � 0 in the second sum and so 77

@F

@ Nzj
.x; y/ D 1

2

X
˛

ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛�

� jyj
aj˛j

�

C i

2

X
jˇj�0

.ˇj C 1/ijˇCejj

.ˇ C ej/Š
yˇ.@

ˇCej
x f /.x/�

 
jyj

ajˇCejj

!

C i

2

X
˛

ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj

D 1

2

X
˛

ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛�

� jyj
aj˛j

�

C 1

2

X
ˇ

1

ˇŠ
ijˇjC1C1yˇ.@ˇCej

x f /.x/�

 
jyj

ajˇCejj

!

C i

2

X
˛

ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj

D 1

2

X
˛

ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛

�
�

� jyj
aj˛j

�
� �

� jyj
aj˛jC1

��
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C i

2

X
˛

ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj
D ˙1.x; y/C˙2.x; y/ (8)

We observe that 78

˙1.x; y/ ¤ 0 ) 1

2
� jyj

aj˛jC1
and

jyj
aj˛j

� 1

and so 79

aj˛jC1
2

� jyj � aj˛j:

Then by the definition of the aj˛j we get 80

˙1.x; y/ ¤ 0 ) 1

2Cj.˛j C 1/s�1
� jyj � 1

Cj˛js�1 : (9)

Each term in ˙1.x; y/; x 2 K satisfies 81

ˇ̌
ˇ̌
ˇ
ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛

�
�

� jyj
aj˛j

�
� �

� jyj
aj˛jC1

��ˇ̌ˇ̌
ˇ

� 2jyjj˛j

˛Š
C

j˛CejjC1
K ..˛ C ej/Š/

s

� 2

˛Š

�
1

Cj˛js�1

�j˛j
C

j˛CejjC1
K ..˛ C ej/Š/

s; by (9)

� 2

˛Š

�
1

Cj˛js�1

�j˛j
C

j˛CejjC1
K .˛Š/s.ejŠ/

s2s.j˛jC1/; using .ˇ C ı/Š � ˇŠıŠ2jˇjCjıj

D C0
K

�
2sCK

C

�j˛jC1 �
˛Š

j˛jj˛j

�s�1
; C0

K D 2CCK

� C0
K

�
2sCK

C

�j˛jC1 � j˛jŠ
j˛jj˛j

�s�1

� C0
K

�
2sCK

C

�j˛jC1  p
2�j˛j

ej˛j�1

!s�1
; .by Stirling’s formula/ (10)

From inequality (9) we have 82

1

.2C/
1

s�1

1

jyj 1
s�1

� j˛j C 1 ) 1

jyj 1
s�1

 
1

.2C/
1

s�1

� jyj 1
s�1

!
� j˛j:
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Thus if jyj is small, say jyj 1
s�1 < 1

2.2C/
1

s�1
and˙1.x; y/ ¤ 0; then we get 83

1

jyj 1
s�1

 
1

.2C/
1

s�1

� 1

2.2C/
1

s�1

!
� 1

jyj 1
s�1

 
1

.2C/
1

s�1

� jyj 1
s�1

!
� j˛j:

Hence, 84

As

jyj 1
s�1

� j˛j; As D 1

2.2C/
1

s�1

:

Thus, 85

1

j˛jNC1 � jyj NC1
s�1

ANC1
s

; N D 0; 1; 2; : : : : (11)

From (10) and (11) we get 86

ˇ̌
ˇ̌
ˇ
ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛

�
�

� jyj
aj˛j

�
� �

� jyj
aj˛jC1

��ˇ̌ˇ̌
ˇ

� C0
K

�
2sCK

C

�j˛jC1  p
2�j˛j

ej˛j�1

!s�1

D C00
K

�
2sCK

C

�j˛jC1p
j˛js�1

e�j˛j.s�1/; C00
K D C0

Kes�1p2�s�1
> 0

� C00
K

�
2sCK

C

�j˛jC1p
j˛js�1 .N C 1/Š

.s � 1/NC1
1

j˛j.NC1/ ; N D 0; 1; 2; : : :

�
�

C00
K C 1

.s � 1/As

�NC1
.N C 1/Š

�
2sCK

C

�j˛jC1p
j˛js�1jyj NC1

s�1 : (12)

Thus using (12); we get 87

ˇ̌
ˇ̌
ˇ
ij˛j

˛Š

�
@
˛Cej
x f

�
.x/y˛

�
�

� jyj
aj˛j

�
� �

� jyj
aj˛jC1

��ˇ̌ˇ̌
ˇ

�
�

C00
K C 1

.s � 1/As

�NC1
.N C 1/Š

�
2sCK

C

�j˛jC1
ej˛j. s�1

2 /jyj NC1
s�1

� DNC1
1 .N C 1/Š

 
2sCKe

s�1
2

C

!j˛jC1
jyj NC1

s�1 ;D1 D C00
K C 1

.s � 1/As
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� DNC1
1 .N C 1/Šjyj NC1

s�1

 
we may assume C was chosen so that

2sCKe
s�1
2

C
� 1

!

Thus 88

ˇ̌
ˇ̌
ˇ
ij˛j
˛Š

�
@
˛Cej
x f

�
.x/y˛

 
�

 
jyj
aj˛j

!
� �

 
jyj

aj˛jC1

!!ˇ̌
ˇ̌
ˇ � DNC1

1 .NC1/Šjyj NC1
s�1 ; N D 0; 1; 2; : : :

(13)
89

From equation (9); when ˙1.x; y/ ¤ 0; we have 90

j˛j � 1

C
1

s�1 jyj 1
s�1

:

Therefore, using this and inequality (13); we have 91

j˙1.x; y/j �
X

j˛j� 1

C
1

s�1 jyj

1
s�1

DNC1
1 .N C 1/Šjyj NC1

s�1 ; N D 0; 1; 2; : : :

D DNC1
1 .N C 1/Šjyj NC1

s�1

X
j˛j� 1

C
1

s�1 jyj

1
s�1

1

� DNC1
1 .N C 1/Šjyj NC1

s�1
1

C
m

s�1 jyj m
s�1

� DkC1
3 kŠjyj k

s�1 ; k D 0; 1; 2; : : : D3 independent of k: (14)

Consider˙2.x; y/ W Since � � 0 outside .�1; 1/ and � � 1 on
�� 1

2
; 1
2

�
; we see that 92

�0 � 0 on
�� 1

2
; 1
2

�
and outside .�1; 1/: Thus 93

˙2.x; y/ D i

2

X
˛

ij˛j

˛Š
y˛.@˛x f /.x/�0

� jyj
aj˛j

�
yj

aj˛jjyj ¤ 0;

94

) 1

2
� jyj

aj˛j
� 1 ) aj˛j

2
� jyj � aj˛j:

By the same method as we used for the estimate of ˙1.x; y/, there is D4 > 0 such 95

that 96

j˙2.x; y/j � DNC1
4 NŠjyj N

s�1 ; N D 0; 1; 2; : : : : (15)



UNCORRECTED
PROOF

Characterization of Gevrey Regularity by a Class of FBI Transforms

Combining (14) and (15); we have for some A > 0 97

ˇ̌
ˇ̌@F

@ Nzj
.x; y/

ˇ̌
ˇ̌ � ANC1NŠjyj N

s�1 ; N D 0; 1; 2; : : : ; 8 j D 1; 2; : : : ;m

and hence .2/ in Theorem 2:1 holds. Conversely, suppose that for each K �� ˝ 98

there is F.x; y/ 2 C1.K � R
m/ such that 99

1. F.x; 0/ D f .x/ and 100

2.
ˇ̌
ˇ̌@F

@ Nzj
.x; y/

ˇ̌
ˇ̌ � cNC1NŠjyj N

s�1 ; j D 1; 2; : : : ;m

for some constant c > 0: 101

We wish to show that f .x/ 2 Gs.˝/: It is sufficient to show that f 2 Gs.B/ for 102

each sufficiently small ball in˝ . Let B2r be a ball of radius 2r whose closure is in˝ , 103

and let F.x; y/ be given as above on a neighborhood of the closure of˝r D B2r �Br. 104

We may assume that F.x; y/ � 0 for jyj � r. 105

Set 106

!.z/ D dz1 ^ : : : ^ dzm:

For n � 1; let �n denotes the area of the unit sphere Sn�1 in R
n:We will identify C

m
107

with R
2m: For k D 1; : : : ;m; let 108

!k.Nz/ D .�1/k�1dNz1 ^ : : : dNzk�1 ^ cdNzk ^ dNzkC1 ^ : : : dNzm

where dNzk is removed. For each x 2 Br, from the higher dimensional version of the 109

inhomogeneous Cauchy Integral Formula, we have 110

f .x/ D F.x; 0/ D 2.2i/�m

�2m

Z
@˝r

F.w/
mX

kD1
.wk � xk/jw � xj�2m!k.w/ ^ !.w/

� 2.2i/�m

�2m

Z
˝r

mX
kD1

@F

@wk
.w/.wk � xk/jw � xj�2m!. Nw/ ^ !.w/

D g.x/C h.x/ (16)

Clearly, g.x/ is real analytic on Br. If we show h 2 Gs.Br/; we will be done. For 111

each ˛ D .˛1; : : : ; ˛m/; we have 112

@˛h.x/ D �2.2i/�m

�2m

Z
˝r

mX
kD1

@F

@wk
.w/@˛x

	
.wk � xk/jw � xj�2m



!. Nw/ ^ !.w/

(17)
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For x ¤ w; 113

@˛x
	
.wk � xk/jw � xj�2m


 D
X
ˇ�˛

˛Š

.˛ � ˇ/ŠˇŠ
@ˇx . Nwk � xk/@

˛�ˇ
x

	jw � xj�2m



D .wk � xk/@
˛
x

	jw � xj�2m

 � ˛Š

.˛ � ek/Š
@˛�ek

x

	jw � xj�2m



D .wk � xk/@
˛
x

	jw � xj�2m

 � ˛k@

˛�ek
x

	jw � xj�2m


: (18)

We have 114

@˛x
	jw � xj�2m


 D
X
ˇ�˛

aˇ.w � x/ˇjw � xj�2m�jˇj�j˛j ; and so

@˛�ek
x

	jw � xj�2m

 D

X
ˇ�˛�ek

bˇ.w � x/ˇjw � xj�2m�jˇj�j˛jC1:
(19)

where aˇ and bˇ are constants. Plugging (19) into (18) results in 115

ˇ̌
@˛x
	
.wk � xk/jw � xj�2m


ˇ̌

� jw � xj ˇ̌@˛x 	jw � xj�2m

ˇ̌C ˛k

ˇ̌
@˛�ek

x

	jw � xj�2m

ˇ̌

�
X
ˇ�˛

jaˇjjw � xj�2m�j˛jC1 C ˛k

X
ˇ�˛�ek

jbˇjjw � xj�2m�j˛jC1

� C1.j˛j C 1/mjw � xj�2m�j˛jC1 (20)

Using the hypothesis, equation (17) and inequality (20); we have 116

j@˛h.x/j � 21�m

�2m

Z
˝r

mX
kD1

ˇ̌
ˇ̌ @F

@wk
.w/

ˇ̌
ˇ̌ ˇ̌@˛x 	.wk � xk/jw � xj�2m


ˇ̌ j!. Nw/ ^ !.w/j

� 22�m

�2m
C1.j˛j C 1/mcNC1NŠ

Z
˝r

mX
kD1

j=wj N
s�1

jw � xj2mCj˛j�1 j!. Nw/ ^ !.w/j

� 22�m

�2m
C1.j˛j C 1/mcNC1NŠ

Z
˝r

mX
kD1

j=wj N
s�1

j=wj2mCj˛j�1 j!. Nw/ ^ !.w/j

� CNC1
2 .j˛j C 1/mNŠ

Z
˝r

j=wj N
s�1�.2mCj˛j�1/j!. Nw/ ^ !.w/j

� CNC1
2 .j˛j C 1/mNN

Z
˝r

j=wj N
s�1�.2mCj˛j�1/j!. Nw/ ^ !.w/j (21)

117



UNCORRECTED
PROOF

Characterization of Gevrey Regularity by a Class of FBI Transforms

for some C2 > 0: Choose N such that 118

2m C j˛j � 1 � N

s � 1 � 2m C j˛j C 1

s � 1
:

Then 119

j=wj N
s�1�.2mCj˛j�1/ � .j=wj C 1/

s
s�1 :

Since N � s.2m C j˛j//; (21) becomes 120

j@˛h.x/j � .C2 C 1/s.2mCj˛j/C1.j˛j C 1/m.s.2m C j˛j//s.2mCj˛j/

Z
˝r

.j=wj C 1/
s

s�1 j!. Nw/^ dwj

D C0.C2 C 1/s.2mCj˛j/C1.j˛j C 1/m.s.2m C j˛j//s.2mCj˛j/

� Aj˛jC1
1 .2m C j˛j/s.2mCj˛j/; some A1 > 0

� Aj˛jC1
1 es.2mCj˛j/..2m C j˛j/Š/s; we used NN � eN NŠ

� Aj˛jC1
2 ..2m C j˛j/Š/s some A2 > 0

� Aj˛jC1
2 2s.2mCj˛j/..2m/Š/s.j˛jŠ/s; we used .j C k/Š � 2jCkkŠjŠ

� Aj˛jC1
3 .j˛jŠ/s; some A3 > 0

� Aj˛jC1
3 2sj˛j.˛Š/s; since j˛jŠ � 2j˛j˛Š

� Aj˛jC1
4 .˛Š/s for some A4 > 0:

Therefore, h.x/ 2 Gs.Br/ and so the proof is complete. 121

For � � R
m a cone and ı > 0, we set 122

� ı D fv 2 � W jvj < ıg:

Definition 3 If V � R
m is open, we say a function f .x; y/ defined on V C i� ı is of 123

tempered growth if 124

jf .x; y/j � Cjyj�k

for some constant C and positive integer k. 125

The following theorem is a microlocal version of Theorem 2:1. 126

Theorem 2 Let u 2 D 0.˝/: Then for any x0 2 ˝ and �0 2 R
m n f0g, .x0; �0/ … 127

WFs.u/.s > 1/ if and only if there is a neighborhood V of x0; acute open cones 128

�1; : : : ; �n � R
m n f0g and C1 functions fj on V C i� ı

j (for some ı > 0) of tempered 129

growth such that 130
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1. u D Pn
jD1 bfj near x0; 131

2. �0 � �j < 0;8j; 132

3.

ˇ̌
ˇ̌ @fj
@ Nzk
.x; y/

ˇ̌
ˇ̌ � A exp

 
��

jyj 1
s�1

!
;8j D 1; 2; : : : ; n;8k D 1; 2; : : : ;m

for some A; � > 0: 133

Equivalently,
ˇ̌
ˇ @fj
@ Nzk
.x; y/

ˇ̌
ˇ � cNC1NN jyj N

s�1 ;N D 0; 1; 2; : : : ; : 134

Proof Suppose u D bf on V where f is C1 and of tempered growth on V C i� ı; �0 � 135

� < 0 and 136

ˇ̌
ˇ̌ @f

@ Nzj
.x; y/

ˇ̌
ˇ̌ � A exp

 
��

jyj 1
s�1

!
j D 1; 2; : : : ;m (22)

for some A > 0; V a neighborhood of x0 and � some conic set. We want to show 137

that .x0; �0/ … WFs.u/; s > 1: By Corollary 1:4:11 in [13], for each n � 1; we can 138

choose smooth functions fn.x/ that satisfy 139

1. fn.x/ D 1 on Br.0/; supp.fn/ � B2r.0/; for some r > 0 and 140

2. jD˛fnj � Cj˛j.n C 1/j˛j for j˛j � n C 1; for some C > 0 independent of n: 141

Define 142

Fn.x C iy/ D
X
j˛j�n

1

˛Š
@˛x fn.x/.iy/

˛: (23)

Then 143

ˇ̌
ˇ̌@Fn

@zj
.x C iy/

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌
ˇ̌12

@

@xj

0
@X

j˛j�n

1

˛Š
@˛x fn.x/.iy/

˛

1
AC i

2

@

@yj

0
@X

j˛j�n

1

˛Š
@˛x fn.x/.iy/

˛

1
A
ˇ̌
ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
ˇ̌12

X
j˛j�n

1

˛Š
@
˛Cej
x fn.x/.iy/

˛ � 1

2

X
j˛j�n;˛j�1

˛j

˛Š
@˛x fn.x/.iy/

˛�ej

ˇ̌
ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
ˇ̌12

X
j˛jDn

1

˛Š
@
˛Cej
x fn.x/.iy/

˛

ˇ̌
ˇ̌
ˇ̌

� .C C 1/nC1.n C 1/nC1jyjn
X

j˛jDn

1

˛Š
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D mn

nŠ
.C C 1/nC1.n C 1/nC1jyjn

0
@since mn D .1C : : :C 1/n D

X
j˛jDn

nŠ

˛Š

1
A

� 1

nŠ
CnC1
1 .n C 1/nC1jyjn; C1 > 0 .for some C1 independent of n/:

(24)

Fix y0 2 �: Since y0 � �0 < 0; there is a conic neighborhood �0 of �0 and a constant 144

c > 0 such that 145

y0 � � � �cj�j; 8 � 2 �0: (25)

For 0 < 	 < 1; let 146

D	 D ˚
x C ity0 W x 2 B2r.0/; 	 � t � 1

�
:

We have 147

jFn.x C iy/j �
X

j˛j�n

Cj˛j.n C 1/j˛j
˛Š

jyjj˛j D
nX

kD0

X
j˛jDk

Ck.n C 1/k

˛Š
jyjk

D
nX

kD0

.mC.n C 1/jyj/k
kŠ

� enC1 .we choose ı and hence y small enough/:

148

This estimate on Fn will be used below. Consider the m-form 149

F.x; y; �/ D e�.xCiy/��Fn.x C iy/f .x C iy/dz

for .x; y/ 2 D	; � 2 �0; where dz D dz1 ^ : : : ^ dzm: Since e�iz�� is holomorphic in 150

z; we have by Stokes theorem 151

ˇ̌
ˇ̌
Z

B2r.0/

F.x; 	y0; �/dx

ˇ̌
ˇ̌ �

Z
B2r.0/

ˇ̌
F.x; y0; �/

ˇ̌
dx

C
mX

jD1

Z Z
D	

ˇ̌
ˇ̌e�i.xCiy/��Fn.x C iy/

@f

@zj
.x C iy/dzj ^ dz

ˇ̌
ˇ̌

C
mX

jD1

Z Z
D	

ˇ̌
ˇ̌e�i.xCiy/�� f .x C iy/

@Fn

@zj
.x C iy/dzj ^ dz

ˇ̌
ˇ̌
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D I0.�/C I	1 .�/C I	2 .�/ (26)

Consider I0.�/ W For � 2 �0; 152

I0.�/ D
Z

B2r.0/

ˇ̌
F.x; y0; �/

ˇ̌
dx

D
Z

B2r.0/

ˇ̌
ˇe�i.xCiy0/��Fn.x C iy0/f .x C iy0/

ˇ̌
ˇ dx

� C0C1enC1
Z

B2r.0/

ey0��dx; C0 D sup
B2r.0/

jf .x C iy0/j

� C00enC1e�cj�j; by (25)

� CNC1
0 enC1NŠj�j� N

s ;8 � 2 �0; N D 0; 1; 2; : : : : (27)

Consider I	1 .�/ W Putting y D ty0; and using (22) and (25) we have 153

I	1 .�/ D
mX

jD1

Z Z
D	

ˇ̌
ˇ̌e�i.xCity0/��Fn.x C ity0/

@f

@zj
.x C ity0/dzj ^ dz

ˇ̌
ˇ̌

� A0enC1e�ctj�j exp

 
��

jty0j 1
s�1

!
mX

jD1

Z Z
D	

ˇ̌
dzj ^ dz

ˇ̌

� A00enC1e�ctj�j exp

���0

t
1

s�1

�

� A00enC1
�

N

s

� N
s

e� N
s

1

.ctj�j/ N
s

��
s � 1

s

�
N

�. s�1
s /N

e�. s�1
s /N

 
t

1
s�1

�0

!. s�1
s /N

� CNC1
2 enC1NN j�j� N

s ; N D 0; 1; 2; : : : ; 8 � 2 �0; (28)

where we used the inequality e�t � dde�d 1
td

(see 1:2:16 in [13]) with d D N
s for 154

e�ctj�j and d D 	
s�1

s



N for exp

�
� �0

t
1

s�1

�
: 155

Finally, consider I	2 .�/ W Since f is of tempered growth, there are a constant c0 > 0 156

and an integer k � 1 such that 157

jf .x C ity0/j � c0

tkjy0jk
; 8 jxj < 2r; 	 � t � 1: (29)

Using (24), (25) and (29) we have 158
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I	2 .�/ D
mX

jD1

Z Z
D	

ˇ̌
ˇ̌e�i.xCity0/�� f .x C ity0/

@Fn

@zj
.x C ity0/dzj ^ dz

ˇ̌
ˇ̌

� c0

tkjy0jk

1

nŠ
e�ctj�jCnC1

1 .n C 1/nC1jty0jn�1

� 1

tk
e�ctj�j 1

nŠ
CnC1
3 .n C 1/nC1tn�1

� 1

tkC1 e�ctj�j 1
nŠ

CnC1
3 .n C 1/nC1tn (30)

Given N; choose n such that 159

N

s
C k C 1 � n � N C s

s
C k C 1:

Since t � 1; (30) becomes 160

I	2 .�/ � 1

tkC1 e�ctj�jCnC1
3

.n C 1/nC1

nŠ
tn

� 1

tkC1 e�ctj�jC
NCs

s CkC2
3 .n C 1/nC1t

N
s CkC1

�
�

N

s

� N
s

e� N
s

1

t
N
s c

N
s j�j N

s

C
NCs

s CkC2
4

�
N C s

s
C k C 2

�NCs
s CkC2

t
N
s

�
we used e�t � dde�dt�d with d D N

s

�

�
�

N

s

� N
s 1

c
N
s j�j N

s

C
NCs

s CkC2
4

�
N C s

s
C k C 2

�NCs
s CkC2

� BNC1NŠj�j� N
s ; some B > 0; N D 0; 1; 2; : : : ; � 2 �0: (31)

where B is independent of n. Using (25); (26); (27); (28) and (31); there is a constant 161

B1 > 0 independent of 	 such that 162

ˇ̌
ˇcfnu.�/

ˇ̌
ˇ D

ˇ̌
ˇ̌Z

B2r.0/

e�ix�� fn.x/u.x/dx

ˇ̌
ˇ̌

D lim
	!0

ˇ̌
ˇ̌
Z

B2r.0/

e�i.xCi	y0/��Fn.x C i	y0/f .x C i	y0/dx

ˇ̌
ˇ̌

� BNC1
1 NŠj�j� N

s ; N D 0; 1; 2; : : : ; � 2 �0:

Therefore, .x0; �0/ … WFs.u/: 163
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Conversely, suppose .x0; �0/ … WFs.u/: Then there is 
 2 Gs \ C1
0 ; 
 � 1 near 164

x0 such that 165

ˇ̌
ˇc
u.�/

ˇ̌
ˇ � CNC1NŠj�j� N

s ; N D 0; 1; 2; : : : ;

for � in some conic neighborhood � of �0 and for some constant C > 0: Let Cj; 166

1 � j � n be acute, open cones such that 167

R
m D

n[
jD1

Cj; jCj \ Ckj D 0; j ¤ k:

Assume that �0 2 C1 and �0 … Cj for j � 2: Then we can get acute, open cones 168

�j; 2 � j � n and a constant c > 0 such that 169

�0 � �j < 0 and y � � � cjyjj�j; 8 y 2 �j; 8 � 2 Cj: (32)

By the inversion formula we have 170


.x/u.x/ D 1

.2�/m

Z
Rm

eix��c
u.�/d� D 1

.2�/m

nX
jD1

Z
Cj

eix��c
u.�/d�:

For x C iy 2 R
m C i�j; j � 2 define 171

fj.x C iy/ D
Z

Cj

ei.xCiy/��c
u.�/
d�

.2�/m
:

using (32); we see that fj .j � 2/ is holomorphic on the wedge R
m C i�j and is of 172

tempered growth. Let 173

g1.x/ D
Z

C1

eix��c
u.�/
d�

.2�/m
D g11.x/C g12.x/

where 174

g11.x/ D
Z
�2C1;j�j�1

eix��c
u.�/
d�

.2�/m
; g12.x/ D

Z
�2C1;j�j�1

eix��c
u.�/
d�

.2�/m
:

Assume C1 � � . Clearly g11.x/ is real analytic on R
m. We have 175

j@˛g12.x/j D
ˇ̌
ˇ̌Z
�2C1;j�j�1

eix�� �˛c
u.�/
d�

.2�/m

ˇ̌
ˇ̌

� CNC1NŠ
Z
�2C1;j�j�1

j�jj˛jj�j� N
s d�
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� CNC1NN
Z
�2C1;j�j�1

j�jj˛jj�j� N
s d�

� C.mC1Cj˛j/sC1
2 Œ.m C 1C j˛j/s�.mC1Cj˛j/s

Z
�2C1;j�j�1

j�jj˛jj�j�m�1�j˛jd�

.taking N v .m C 1C j˛j/s/
� Aj˛jC1.˛Š/s; for some A > 0:

Therefore, g1 2 Gs: By theorem 1, if K is a compact set whose interior contains x0; 176

there is f1.x C iy/ 2 C1.K C iRm/ such that f1.x/ D g1.x/; x 2 K and 177

ˇ̌
ˇ̌@f1
@ Nzj
.x; y/

ˇ̌
ˇ̌ � c1 exp

 
�c2

jyj 1
s�1

!
;8j D 1; 2; : : : ;m

for some constants c1; c2 > 0: Let �1 be any open cone such that �0 ��1 < 0: Let V � 178

K be an open such that x0 2 V: Then we have found functions fj.x C iy/.1 � j � n/ 179

C1 on V C i� ı
j (for some ı > 0) and of tempered growth such that 
u D Pn

jD1 bfj 180

on V: By contracting V we have 
 � 1 on V and so u D Pn
jD1 bfj on V: Thus, the 181

proof is complete. 182

3 Characterization of the Gevrey Wave Front Set 183

For u 2 E 0.Rm/ we recall that the classical FBI transform of u is 184

Fu.x; �/ D
Z
Rm

ei��.x�x0/�j�jjx�x0 j2u.x0/dx0:

We recall the following theorem of M. Christ which characterizes the Gevrey wave 185

front set of a function in terms of the classical FBI transform. 186

Theorem 3 ([7]). Let u 2 E 0.Rm/: Let x0 2 R
m; �0 2 R

m n f0g : Then .x0; �0/ … 187

WFs.u/ if and only if there is a neighborhood V of x0; a conic neighborhood � of 188

�0 such that for some ' 2 C1
0 .R

m/; ' � 1 near x0; 189

jF .'u/.x; �/j � c1 exp
�
�c2j�j 1s

�
;8.x; �/ 2 V � �

for some constants c1; c2 > 0: 190

Our goal is to generalize Christ’s theorem to a subclass of the generalized FBI 191

transforms introduced in [6]. We will consider a polynomial which is a sum of 192

elliptic, homogeneous polynomials. 193
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Let p.x/ be a positive polynomial of the form 194

p.x/ D
X

j˛jD2l

a˛x˛ C
X

jˇjD2k

bˇxˇ; a˛; bˇ 2 R; l ¤ k

which satisfies 195

c1jxj2l �
X

j˛jD2l

a˛x˛ � c2jxj2l

and 196

c3jxj2k �
X

jˇjD2k

bˇxˇ � c4jxj2k

for some constants 0 < c1 � c2 and 0 < c3 � c4: 197

Suppose l < k and let 198

p1.x/ D
X

j˛jD2l

a˛x˛; p2.x/ D
X

jˇjD2k

bˇxˇ:

Take  .x/ D e�p.x/ as a generating function and 	 D 1
2k as a parameter. Let cp > 0 199

be a constant such that 200

cp

Z
Rm
 .x/dx D 1:

In this section we will consider the FBI transform given by 201

Fu.t; �/ D cp

Z
Rm

ei��.t�x0/ .j�j	.t � x0//u.x0/dx0

D cp

Z
Rm

ei��.t�x0/�j�j l
k p1.t�x0/�j�jp2.t�x0/u.x0/dx0:

Let �.x/ 2 S.Rm/ such that
R
Rm �.x/dx D 1: Set 202

�.�/ D O�.�/
.2�/m

:

Then the inversion formula becomes 203

u.x/ D lim
�!0C

Z
Rm�Rm

ei��.x�t/�.��/Fu.t; �/j�j m
2k dtd�:
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We will show that this class of FBI transforms characterizes the Gevrey wave front 204

set of a distribution. We remark that the proof will also work for p.x/ that is a sum 205

of a finite number of elliptic, homogeneous polynomials. 206

Theorem 4 Let u 2 E 0.Rm/; x0 2 R
m; �0 2 R

m with j�0j D 1: Then 207

.x0; �0/ … WFs.u/; s > 1 if and only if there exist a neighborhood V of x0 , a conic 208

neighborhood� of �0 and constants a; b > 0 such that for some 
 2 C1
0 .R

m/; 
 � 209

1 near x0, 210

jF .
u/.t; �/j � ae�bj�j 1s ; .t; �/ 2 V � �:

Proof Suppose .x0; �0/ … WFs.u/: We may assume that x0 D 0: By Theorem 2:3, 211

without loss of generality, there is f which is C1 in some truncated wedge V C i�ı 212

(for some ı > 0) and of tempered growth with V a neighborhood of 0 and � an 213

open cone such that 214

1. u D bf on V; 215

2. �0 � � < 0; and 216

3.

ˇ̌
ˇ̌ @f

@ Nzj
.x C iy/

ˇ̌
ˇ̌ � A exp

 
�B

jyj 1
s�1

!
; x C iy 2 V C i�ı

for some A;B > 0: 217

Let r > 0 such that 218

B2r D fx W jxj < 2rg �� V:

Let 
.x/ 2 C1
0 .R

m/; 
 � 1 on Br and supp.
/ � B2r: 219

Fix v 2 �ı: 220

Let 221

Q.x0; �; x/ D i� � .x0 � x/� j�j l
k p1.x

0 � x/ � j�jp2.x0 � x/:

Then 222

F .
u/.x0; �/ D cp

Z
Rm

eQ.x0;�;x/
.x/u.x/dx

D cp

D
bf ; 
.x/eQ.x0;�;x/

E

D cp lim
t!0C

Z
B2r

eQ.x0;�;x/
.x/f .x C itv/dx:
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Since 
.x/ 2 C1.Rm/; it has an almost holomorphic extension Q
.x C iy/ smooth 223

on V C iRm with x� support in B2r. Then 224

F .
u/.x0; �/ D cp lim
t!0C

Z
B2r

eQ.x0;�;xCitv/ Q
.x C itv/f .x C itv/dx:

For 0 < 	 < 1; let 225

D	 D fx C itv 2 C
m W x 2 B2r; 	 � t � 1g :

Consider the m-form 226

!.z/ D eQ.x0;�;z/ Q
.z/f .z/dz1 ^ : : : ^ dzm; z D x C iy:

Let dz D dz1 ^ : : : ^ dzm: Since Q
.x C iy/ D 0 for jxj � 2r and since eQ.x0;�;z/ is 227

holomorphic in z, by Stokes theorem 228

F .
u/.x0; �/ D cp lim
	!0C

Z
B2r

eQ.x0;�;xCi	v/ Q
.x C i	v/f .x C i	v/dx

D cp

Z
B2r

eQ.x0;�;xCiv/ Q
.x C iv/f .x C iv/dx

C cp lim
	!0C

mX
jD1

Z Z
D	

eQ.x0;�;xCitv/ Q
.x C itv/
@f

@ Nzj
.x C itv/d Nzj ^ dz

C cp lim
	!0C

mX
jD1

Z Z
D	

eQ.x0;�;xCitv/ @
Q


@ Nzj
.x C itv/f .x C itv/d Nzj ^ dz

D I0.x
0; �/C lim

	!0C
	
I	1 .x

0; �/C I	2 .x
0; �/




Since v 2 � and �0 � � < 0; there is a conic neighborhood �1 of �0 and a constant 229

c > 0 such that 230

� � v � �cj�jjvj; 8� 2 �1:

Consider I0.x0; �/ W 231

jI0.x0; �/j � sup
x2B2r

jcp Q
.x C iv/f .x C iv/j
Z

B2r

e<Q.x0;�;xCiv/dx:

For � 2 �1; j�j � 1; since l < k; 232

<Q.x0; �; x C iv/

D <
�

i� � .x0 � x � iv/ � j�j l
k p1.x

0 � x � iv/ � j�jp2.x0 � x � iv/
�
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D � � v � j�j l
k <p1.x

0 � x � iv/ � j�j<p2.x
0 � x � iv/

D � � v � j�j l
k p1.x

0 � x/C O.jvj2/j�j l
k � j�jp2.x0 � x/C O.jvj2/j�j

� �cjvjj�j � c1j�j l
k jx0 � xj2l

C O.jvj2/j�j l
k � c3j�jjx0 � xj2k C O.jvj2/j�j

� �cjvjj�j C O.jvj2/j�j

choosing jvj small such that O.jvj2/ � cjvj
2

D c0: Then 233

<Q.x0; �; x C iv/ � �c0j�j; � 2 �1; j�j � 1; x0 2 R
m:

Thus, for � 2 �1; j�j � 1; 234

jI0.x0; �/j � c00e�c0j�j � c00e�c0j�j 1s

for some c00 > 0: Since 235

I0.x0; �/

e�c0j�j 1s

is bounded on B2r � f� W j�j � 1g ; there are A0;B0 > 0 such that 236

jI0.x0; �/j � A0e
�B0j�j 1s ;8� 2 �1; jx0j < 2r: (33)

Consider 237

I	1 .x
0; �/ D cp

mX
jD1

Z Z
D	

eQ.x0;�;xCitv/ Q
.x C itv/
@f

@ Nzj
.x C itv/d Nzj ^ dz W

For � 2 �1; j�j � 1, 238

ˇ̌
ˇ̌eQ.x0;�;xCitv/ Q
.x C itv/

@f

@ Nzj
.x C itv/

ˇ̌
ˇ̌

� C0e<Q.x0;�;xCitv/A exp

 
�B

jtvj 1
s�1

!
; C0 D sup

.x;t/2B2r�Œ0;1�

ˇ̌ Q
.x C itv/
ˇ̌

� A0e�ctjvjj�j�c1 jx0�xj2kj�jCO.jtvj2 /j�j exp

��B0

t
1

s�1

�

� A0e�ctjvjj�j�c1 jx0�xj2kj�jCA00 t2jvj2 j�j exp

��B0

t
1

s�1

�
; some A0 > 0
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� A0e�ctjvjj�jCA00 tjvj2 j�j exp

��B0

t
1

s�1

�

� A0e�c0tj�j exp

��B0

t
1

s�1

�
(take jvj small such that A00jvj2 � cjvj

2
D c0)

� CNC1NŠj�j �N
s ; some C > 0;N D 0; 1; 2; : : : ;

where we used the inequality 239

e�˛ � dde�d˛�d; d; ˛ > 0

with d D N
s for e�c0tj�j; and d D .s�1/

s N for exp

�
�B0

t
1

s�1

�
for N � 1: 240

Hence 241

lim
	!0C jI	1 .x0; �/j

D cp lim
	!0C

ˇ̌
ˇ̌
ˇ̌

mX
jD1

Z Z
D	

eQ.x0;�;xCitv/ Q
.x C itv/
@f

@zj
.x C itv/dzj ^ dz

ˇ̌
ˇ̌
ˇ̌

� lim
	!0C CNC1NN j�j �N

s

mX
jD1

Z 1

0

Z
B2r

d Nzj ^ dz

� DNC1NŠj�j �N
s ; � 2 �1; j�j � 1; x0 2 R

m; some D > 0:

Therefore, 242

lim
	!0C jI	1 .x0; �/j � a1 exp

�
�b1j�j 1s

�
;8� 2 �1; j�j � 1; x0 2 B2r

for some a1; b1 > 0 independent of 	: But 243

jI	1 .x0; �/j
exp.�b1j�j 1s /

is uniformly bounded on B2r � f� W j�j � 1g: Thus, there are A1;B1 > 0 such that 244

lim
	!0C jI	1 .x0; �/j � A1 exp

�
�B1j�j 1s

�
;8� 2 �1; jx0j < 2: (34)

Consider 245

I	2 .x
0; �/ D

mX
jD1

Z Z
D	

eQ.x0;�;xCitv/ @
Q


@zj
.x C itv/f .x C itv/dzj ^ dz W
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For � 2 �1; j�j � 1; 246

<Q.x0; �; x C itv/ � �ctjvjj�j C O.t2jvj2/j�j � c3j�jjx0 � xj2k

� O.jvj2/j�j � c3j�jjx0 � xj2k since t � 1

� a0jvj2j�j � c3j�jjx0 � xj2k:

Since @ Q

@zj

� 0 for jxj � r; the integral over jxj � r is zero. Then for jx0j < r
2

and 247

jxj � r, 248

<Q.x0; �; x C itv/ � a0jvj2j�j � c1
r2k

22k
j�j:

Choose jvj small such that 249

a0jvj2 � c1
r2k

22kC1 D c00:

We then get 250

<Q.x0; �; x C itv/ � �c00j�j; � 2 �1; j�j � 1:

Since f is of tempered growth, there is a constant d > 0 and an integer n � 0 251

such that 252

jf .x C itv/j � d

tnjvjn
:

Since Q
 is almost holomorphic, there is cn > 0 such that 253

ˇ̌
ˇ̌
ˇ
@ Q

@zj
.x C itv/

ˇ̌
ˇ̌
ˇ � cntnjvjn 8j D 1; 2; : : : ;m:

Thus we can get A2;B2 > 0 independent of 	 such that 254

lim
	!0C jI	2 .x0; �/j � A2e

�B2j�j 1s ;8� 2 �1; jx0j < r

2
: (35)

Therefore, from .3:1/; .3:2/, and .3:3/; we can find constants A;B > 0 such that 255

jF .
u/.x0; �/j � Ae�Bj�j 1s ; 8.x0; �/ 2 B r
2

� �1

where �1 is a conic neighborhood of �0: 256
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Conversely, suppose 257

jF .
u/.t; �/j � c1e
�c2j�j 1s ; .t; �/ 2 V � �

where V is some neighborhood of 0, � a conic neighborhood of �0, and c1; c2 > 0 258

are some constants and 
 2 C1
0 .R

m/; 
 � 1 near 0: 259

We want to show that .0; �0/ … WFs.u/: Let �.�/ D e�j�j2 : We apply the 260

inversion formula 261


.x/u.x/ D lim
�!0C

Z
Rm�Rm

ei��.x�t/��2j�j2F .
u/.t; �/j�j m
2k dtd�:

Let 262

u�.z/ D
Z
Rm�Rm

ei��.z�t/��j�j2F .
u/.t; �/j�j m
2k dtd�; z D x C iy 2 C

m:

Clearly u�.z/ is an entire function of z for each � > 0: 263

We write 264

u�.z/ D u�0.z/C u�1.z/

where for some a > 0 we set 265

u�0.z/ D
Z
Rm

Z
jtj�a

ei��.z�t/�.��/Fu.t; �/j�j m
2k dt d�

and 266

u�1.z/ D
Z
Rm

Z
jtj�a

ei��.z�t/�.��/Fu.t; �/j�j m
2k dt d�:

Consider u�0.z/ : Choose a > 0 such that ft W jtj � ag � V: Let C0 D �;Cj; 1 � 267

j � n be open acute cones (we may take � to be acute ) such that Rm D Sn
jD0 Cj; 268

Cj \ Ck has measure zero when j ¤ k and �0 62 Cj for j � 1: 269

Since �0 62 Cj and Cj is acute we can get acute, open cones � j; 1 � j � n and a 270

constant c > 0 such that 271

�0 � � j < 0 and y � � � cjyjj�j;8y 2 � j;8� 2 Cj:

We have 272

u�0.x/ D
nX

jD0

Z
Cj

Z
jtj�a

ei��.x�t/��j�j2F .
u/.t; �/j�j m
2k dtd� D

nX
jD0

v�j .x/:
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For j D 0; 1; : : : ; n; and z D x C iy 2 R
m C i� j; define 273

f �j .x C iy/ D
Z

Cj

Z
jtj�a

ei��.xCiy�t/��j�j2Fu.t; �/j�j m
2k dtd�:

f �j .z/ are entire for j � 1 and converge uniformly on compact subsets of the wedge 274

R
m C i� j to the function 275

fj.x C iy/ D
Z

Cj

Z
jtj�a

ei��.xCiy�t/F .
u/.t; �/j�j m
2k dtd�

which is holomorphic and of tempered growth on R
m C i� j

ı for some 0 < ı � 1: 276

Thus each fj; j D 1; : : : ; n has a boundary value bfj 2 D 0.Rm/: 277

Let 278

g�0.x/ D
Z
�

Z
jtj�a

ei��.x�t/��j�j2F .
u/.t; �/j�j m
2k dtd�:

By the estimate for F .
u/.t; �/ on the set ft W jtj � ag �� , g�0.x/ are smooth for all 279

� > 0 and converge uniformly on R
m to the function 280

g0.x/ D
Z
�

Z
jtj�a

ei��.x�t/F .
u/.t; �/j�j m
2k dtd�:

Clearly g0.x/ is smooth on R
m: 281

For any ˛; 282

j@˛g0.x/j D
ˇ̌
ˇ̌Z
�

Z
jtj�a

�˛ei��.x�t/Fu.t; �/j�j m
2k dtd�

ˇ̌
ˇ̌

� d1

Z
�

j�jj˛je�c2j�j 1s j�j m
2k d�; d1 > 0

� d1

Z
j�j�1

d� C d1

Z
�2�;j�j�1

j�jj˛je�c2j�j 1s j�jmd�

D d2 C d1
�c2
2

��ms
Z
�2�;j�j�1

j�jj˛je�c2j�j 1s
�c2
2

j�j 1s
�ms

d�; d2 > 0

� d2 C d1
�c2
2

��ms
Z
�2�;j�j�1

j�jj˛je�c2j�j 1s
�c2
2

j�j 1s
�N0

d�

	
N0 D min fN 2 N W N � msg


� d2 C d1
�c2
2

��ms
N0Š

Z
�2�;j�j�1

j�jj˛je�c2j�j 1s e
c2
2 j�j 1s d�

283
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� d2 C d3

Z
�2�;j�j�1

j�jj˛je
�c2
2 j�j

1
s d� (some d3 > 0)

� d2 C d3

�
2

c2

�N

NŠ

Z
�2�;j�j�1

j�jj˛jj�j �N
s d�;8N D 1; 2; : : :

� d2 C dNNN
Z
�2�;j�j�1

j�jj˛jj�j �N
s d�;

	
since NŠ � NN




� d2 C d
.mCj˛jC1/s
4 .m C j˛j C 1/.mCj˛jC1/s

.taking N such that .m C j˛j/s � N � .m C j˛j C 1/s/

� d2 C .ed4/
.mCj˛jC1/s..m C j˛j C 1/Š/s since nn � en nŠ

� d2 C .2ed4/
.mCj˛jC1/sŒ.m C 1/Š�s.j˛jŠ/s (we used .j C k/Š � 2kCjkŠjŠ)

� Fj˛jC1.˛Š/s since j˛jŠ � 2j˛j˛Š

for some F > 0 independent of ˛: Hence g0 2 Gs.Rm/. Thus there is f0.x; y/ 2 284

C1.V � R
m/ such that f0.x; 0/ D g0.x/ and 285

ˇ̌
ˇ̌@f0
@ Nzj
.x; y/

ˇ̌
ˇ̌ � A1

 
�A2

jyj 1
s�1

!
:

Choose �0 an open cone such that �0 � �0 < 0: Thus we have found open cones 286

�0; �1; : : : ; �n and functions fj holomorphic on R
m C i� ı

j (for some ı > 0) for 287

j � 1 which are of tempered growth and f0.x; y/ smooth and of tempered growth on 288

R
m C i� ı

0 (for some ı > 0) such that 289

�0 � �j < 0; 0 � j � n

and 290

ˇ̌
ˇ̌ @fj
@ Nzk
.x; y/

ˇ̌
ˇ̌ � A1

 
�A2

jyj 1
s�1

!
;8j D 1; 2 : : : ; n;8k D 0; 1; 2; : : :m:

It is readily seen that in the sense of distributions, for all j D 1; : : : ; n, 291

lim
�j3y!0

fj.x C iy/ D lim
�!0C f �j .x/

and 292

lim
�03y!0

f0.x C iy/ D lim
�!0C g�0.x/:

Hence 293

u0.x/ D
nX

jD0
bfj

in D 0.Rm/: By Theorem 2:3, we conclude that .0; �0/ … WFs.u0/. 294
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Consider u�1.z/ W We will show that .u�1.z// is uniformly bounded for z near 0: 295

Write 296

u�1.z/ D
3X

jD1
I�j .z/

where for some A > 0 to be chosen later 297

I�1.z/ D the integral over X1 D f.t; �/ W a � jtj � A; j�j � 1g
I�2.z/ D the integral over X2 D f.t; �/ W jtj � A; � 2 R

mg
I�3.z/ D the integral over X3 D f.t; �/ W a � jtj � A; j�j � 1g

Since X1 is a bounded set and F .
u/ is continuous function it is clear that there is 298

a constant C1 > 0 independent of 0 < � � 1 such that 299

jI�1.z/j �
Z

X1

e�y����j�j2 jF .
u/.t; �/jj�j m
2k dtd� � C1;8jyj < 1: (36)

Consider I�2.z/ W Let r > 0 such that 300

supp.
/ � fx W jxj � rg D Br:

Choose A D 2r: Then for jx0j � r and jtj � A; 301

jt � x0j � jtj
4

C A

4

and so 302

jt � x0j2k � jtj2k

42k
C A2k

42k
:

We have 303

jF .
u/.t; �/j D
ˇ̌
ˇ̌Z

jx0
j�r

ei��.t�x0 / .j�j 1
2k .t � x0//
.x0/u.x0/dx0

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌Z

jx0
j�r

ei��.t�x0 /�j�j
l
k p1.t�x0/�j�jp2.t�x0/
.x0/u.x0/dx0

ˇ̌
ˇ̌

� C sup
jx0

j�r;j˛j�N1

ˇ̌
ˇ̌@˛x0

�
ei��.t�x0/�j�j

l
k p1.t�x0/�j�jp2.t�x0/

�ˇ̌
ˇ̌ ; N1 D the order of u

304
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To estimate the preceding expression, we observe that if c is a constant and A.x/ is 305

a smooth function, for any multi-index ˇ, the derivative @ˇx ecA.x/ is a sum of terms 306

of the form cl1C���Cln.@m1p/l1 � � � .@mn p/ln where
Pn

jD1 mjlj D jˇj. This observation 307

together with the fact that e�c � kŠ
ck for any c > 0 leads to 308

jF .
u/.t; �/j � C0e�A1j�jjtj2k�B1j�j; jtj � A; � 2 R
m

for some constants C0;A1;B1 > 0 independent of � > 0: Therefore, 309

jI�2.z/j D
ˇ̌
ˇ̌Z

Rm

Z
jtj�A

ei��.z�t/��j�j2F .
u/.t; �/j�j m
2k dtd�

ˇ̌
ˇ̌

� C0
Z
Rm

Z
jtj�A

ejyjj�je�A1j�jjtj2k �B1j�jj�j m
2k dtd�

D C0
Z
Rm

ejyjj�je�B1j�jj�j m
2k

�Z
jtj�A

e�A1j�jjtj2k
dt

�
d�

D C00
Z
Rm

ejyjj�je�B1j�j

� C00
Z
Rm

e
�B1
2 j�jd�; 8z D x C iy; jyj < B1

2
:

It follows that there is C2 > 0 independent of 0 < � � 1 such that 310

jI�2.z/j � C2;8jzj < ı2 D b � 1
2

; 8 0 < � � 1:

Consider I�3.z/ W 311

I�3.z/ D
Z Z Z

R
ei��.z�x0/�j�j l

k p1.t�x0/�j�jp2.t�x0/��j�j2
.x0/u.x0/j�j m
2k d�dx0dt

where 312

R D ˚
.�; x0; t/ W j�j � 1; jx0j � r; a � jtj � A

�

Using a branch of the logarithm we note that the function � 7! j�j has a holomorphic 313

extension 314

h�i D
0
@ mX

jD1
�2j

1
A

1
2

:

In particular, the functions � 7! h�i and � 7! h�i m
2k are holomorphic on the set 315

S D f� D � C i� 2 C
m W j�j < j�jg :
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Fix x; x0: Then we will change the contour of integration in � from the m-cycle 316

f� W j�j � 1g � R
m to its image under the map 317

�.�/ D � C ibj�j.x � x0/

where b > 0 is chosen small so that 318

j=�.�/j D bj�jjx � x0j < j<�.�/j D j�j
Let 319

D D ˚
� C i�bj�j.x � x0/ W j�j � 1; 0 � � � 1

�
:

Consider the m-form 320

!.z; x0; t; �; �/ D ei.z�x0/���h�i l
k p1.t�x0/�h�ip2.t�x0/��h�i2
.x0/u.x0/h�i m

2k d�

where � D � C i� 2 C
m; d� D d�1 ^ : : : ^ d�m: Since 321

g.�/ D ei.z�x0/���h�i l
k p1.t�x0/�h�ip2.t�x0/��h�i2
.x0/u.x0/h�i m

2k

is a holomorphic function of �; ! is a closed form. So by Stokes theorem 322

Z
@D
!d� D

Z
D

d! ^ d� D 0:

Now 323

@D D f� W j�j � 1g
[˚

� C ibj�j.x � x0/ W j�j � 1
�

324[˚
� C i�bj�j.x � x0/ W j�j D 1; 0 � � � 1

�
:

Therefore, 325

Z
j�j�1

ei��.z�x0/�j�j l
k p1.t�x0/�j�jp2.t�x0/��j�j2
.x0/u.x0/j�j m

2k d�

D
Z

j�j�1
!.z; x0; � C ibj�j.x � x0//d�

�
Z 1

0

Z
j�jD1

!.z; x0; � C i�b.x � x0//d�d�

Clearly there is B1 > 0 independent of � such that 326

ˇ̌
ˇ̌Z 1

0

Z
j�jD1

!.z; x0; � C i�b.x � x0//d�d�

ˇ̌
ˇ̌ � B1:
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To estimate the other integrals, let 327

Q.z; x0; t; �; �/ D i.z � x0/ � �.�/� h�.�/i l
k p1.t � x0/� h�.�/ip2.t � x0/ � �h�.�/i2

where 328

�.�/ D � C ibj�j.x � x0/; z D x C iy:

Then 329

<Q.z; x0; t; �; �/

D �bj�jjx � x0j2 � y � � � <h�.�/i l
k p1.t � x0/� <h�.�/ip2.t � x0/

� �<h�.�/i2

We note that 330

h�.�/i2 D
mX

jD1
.�j C ibj�j.xj � x0

j//
2 D j�j2 � b2j�j2jx � x0j2 C i2bj�j� � .x � x0/:

Let jxj � 1: Then since jx0j � r, 331

b2j�j2jx � x0j2 � b2Bj�j2

for some B > 0: Then we can choose b > 0 small enough such that 332

<h�.�/i2 D j�j2 � b2j�j2jx � x0j2 � j�j2
2

and 333

argh�.�/i2 2
h��
4
;
�

4

i
:

Hence 334

<h�.�/i l
k D <

0
@ mX

jD1
�2j .�/

1
A

l
2k

D < 	h�.�/i2
 l
2k

D <e
l
2k log.h�.�/i2/

D ˇ̌h�.�/i2ˇ̌ l
2k cos

�
l

2k
argh�.�/i2

�
> 0;

335
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and 336

<h�.�/i D ˇ̌h�.�/i2ˇ̌ 12 cos

�
1

2
argh�.�/i2

�

� 	<h�.�/i2
 12 cos

�
1

2
argh�.�/i2

�

D B0j�j; B0 > 0:

Therefore, 337

<Q.z; x0; t; �; �/

D �bj�jjx � x0j2 � y � � � <h�.�/i l
k p1.t � x0/� <h�.�/ip2.t � x0/

� �<h�.�/i2

� �bj�jjx � x0j2 C jyjj�j � B0c3j�jjt � x0j2k

Let z D x C iy D 0: Then 338

<Q.0; x0; t; �; �/ � �bj�jjx0j2 � B0c3j�jjt � x0j2k:

If jx0j � a
2
; then 339

<Q.0; x0; t; �; �/ � �bj�jjx0j2 � �b
a2

4
j�j:

If jx0j � a
2
; then since jtj � a, jt � x0j � a

2
and so 340

<Q.0; x0; t; �; �/ � �B0c3j�jjt � x0j2k � �B0c3a2k

22k
j�j:

Thus there is A1 > 0 independent of � > 0 such that 341

<Q.0; x0; t; �; �/ � �A1j�j; 8j�j � 1:

By continuity and homogeneity in �, there is ı3 > 0 such that for some A2 > 0 342

<Q.z; x0; t; �; �/ � �A2j�j;8j�j � 1; jzj � ı3:

Therefore, 343

ˇ̌
ˇ̌Z

j�j�1
!.z; x0; t; �.�/; �/d�

ˇ̌
ˇ̌ � C0

Z
j�j�1

e�A2j�j
ˇ̌
ˇh�.�/i m

2k

ˇ̌
ˇ d�;
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and so 344

jI�3.z/j �� A3

for some A3 > 0 independent of � > 0 for all jzj < ı3: 345

Let ı D min f1; ı2; ı3g : Then there is 0 < 	 < 1 such that 346

sup
0<��1

ju�1.z/j � 	; 8jzj < ı:

Thus there is a subsequence �k > 0 such that for some 0 < ı0 < ı; 347

u�k
1 .x C iy/ ! u1.x C iy/

uniformly on jx C iyj � ı0: In particular, u1.z/ is holomorphic on jzj < ı: Hence 348

.0; �0/ … WFa.u1/ and so .0; �0/ … WFs.u1/: Since WFs.u/ � WFs.u0/ [ WFs.u1/ 349

we get .0; �0/ … WFs.u/ and the proof is complete. 350
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